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Exercise A.2.1
81 10 30
1 a 2 b B C 5000 d 1
23
2 23 %

3 6667 fish. [NB: 43<! If we use n = 43 then ans is 6660 fish]; 20 000 fish.

Overfishing means that fewer fish are caught in the long run.
4 27

5 48,12,3 or 16,12,9

11 37 191

6 a 30 b % C )
7 128 cm

121
8 9
9 2+§J§

1-(=n" 1
10 1+¢ 1+¢

11 - (2" 1

12 9/5 ul




NMiathematics: SIL:. Answers

Exercise A.3.1
2713 91 n gxll
1 a 8x3 b 21645 ¢ 22 d 275?
2.2
e §£8.y_. f 3nt+l43 g qn+1_4
1-b0
h 20404y Toh
2\ 1
2 a 64 b (5) c 22+l d o
6 +2
Y oy
e (2) f (2)
3 a ;_)2/ b 37n—2 c 5n+l d 9
e 26n+1 f 21-3n g x2+4n—n2
h x3n2+n+1 i 27
2m—2
Y
4 o
8
5 a8l b —zﬁ ¢ y-x
2x+1 -
d Tl e -1 f b
1
6 a szyz b x—14 c x(x+h)
1 1 1
d — e f =
x-1 (x+1D)(x- DS x2
b7
7 a 118x57-2 b 1 C at d amt
+ 2./a 7 7/8
e O f 1 8 8§ h ¢
8 a L/ b 2a3n-2p2n-2 c on
d qm—n e 6x 5"
8 5n+5
Exercise A.3.2
2
1 a 2 b -2 C 3 d 5 e 6
f 25 g 2 h 125 i %
2 a6 b —% c 3 d 15 e 025
f 025 g LU R U -1.25
8 4
Exercise A.3.3
1 a 2 b 2 C 5 d 3 e -3
f 2 g 0 h 0 i -1 -2

k 05 1 -2
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2 a log ;10000 = 4 b log,,0.001 = -3

C log p(x+1) =y d logop =7
e log,(x—1) =y f log,(y—2) = 4x
3 a 29 =x b b* =y c bax = ¢
107 =z e 0'-x=y f Y =ax—b

4 a 16 b 2 C 2 d 9 e 42
125 g 4 h9o i 32 21 k 3

3
1 13
5 a 54.5982 b 1.3863 c 1.6487
d 7.3891 e 1.6487 f 0.3679
g 52.5982 h 4.7183 i 0.6065
Exercise A.3.4
1 a 5 b 2 c 2 d 1 e 2 f 1
2 a loga = logh +logc b loga = 2logh +logc
C loga = —2logc d loga = logb +0.5logc
e loga = 3logb +4logc f loga = 2logh —0.5logc
3 a 0.18 b 0.045 ¢ -0.09
+
4 a  x=yz b y=x? ¢ v-= le
d x=2"%1 . y = Jx f y2 = (x+1)3
1 1 17 3 1
5 a > b > c 5 d 3 e 3
f no real soln g 37 h “/3_327 1 i 4
2
j J10+3 k % 1 I
6 a log;2wx b 10g4%} C log [x2(x + 1)3]
S ) g
log | &2MX T )7 y- Y
d oga[ S e loglo - f log, N
7 a 1 b -2 c 3 d 9 e 2 f 9
8 a 14 b 1,355 ¢ 1,4 d 1,544
logld _ 51 log8 _ 99 logl25 _ 439
9 a log2 b log 10 c log3
1 11 log10 —log3
—— xlog[ = |-2 = -0.1 28 U087 =027
d o~ Og(3) 0.13 e 4log3
£ 511 I E
g 2log 10




10

11

12

13

14

15

16

7.37 i

log3 5 _ 942

log2

054 b 3

3

4,log 411

( 084 ) b

y=xz b
! b

et 1

In21 = 3.0445

In2 = 0.6931

21n(1—4) = 0.8837

9

12 = 24630

3 .

e2 -4 = 33891

0, In2 b

0, In5 f

4.5222 b

-1,03219 e

0.25,2 h
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093 j no real solution
: logl5 _ 35

log3

C -14 d 10,10

100,10 C 2,1

y = x3 c x=e' "1

1 -1

3 ¢ 2 d

b In10 = 2.3026 C

e In3 = 1.0986

g e3 = 20.0855

i £e® = £90.0171

1 3/e% = 20.0855

In5 ¢ In2, In3 d

In10

0.2643 C 0,0.2619

-1.2925,0.6610 f

1 i 121.5 j

()

—In7 = -1.9459

0,1.8928
2
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Exercise A.4.1

1 a b2 +2bc+c? b a3 +3a?g+3ag?+ g3
c 143y +3y2+y3 d 16+ 32x + 24x2 + 8x3 + x*
e 8+ 24x +24x2 + 8x3 f 8x3 — 48x2 + 96x — 64
g 16+¥x+%x2+§§—§x3+24—101-x4 h  8x3—60x2+150x— 125
i 27x3 - 108x% + 144x — 64 27x3 - 243x2 + 729x - 729
k 8x3+72x2 +216x+216 1 b3 +9b2d +27bd? +27d3

81x* +216x3y + 216x2y2 + 96xy3 + 164

n x>+ 15x%y + 90x3y2 + 270x2y3 + 405xy% + 243

o 125, 150 6o + 83 16321 5422 g5 448
p> P Xt
4 3 2
q 5+ 10¢%  40¢° | 80¢2 80 32
3 6 9 12 15
P P p’ pcp
r x3+3x+ E
X 53
Exercise A.4.2
1 a 160x3 b 21x5y2 c —448x3
d ~810x* e 216p*
f -20412p%¢> g —22680p
2 a ~1400000 b 6000 c 540
d -240 e 81648 f 40
1.0406 0.0004%
4 a 64x5 + 960x°> + 6000x+ + 20000x3 + 37500x2 + 37500x + 15625
b 19750 c 20.6 d 0.1%
19
63
6 -3
231
7 T6
8 _130
27
9 -20
10 a=43
11 n=>5
12 n=9
13 a0 b-59
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14 a=3n=
15 a=%2,b = %1

16. a a=-3 n==6
a=", n=>5

C a:\/i n=4

d a:—g n=4




S e

Exercise B.2.1
ai f+g: [0:°°[|$R Where(f+g)(x) = x2+/\/)_€

1

—-
—

f+g: 10, o[ F>R where (f+ g)(x) = L+ In(x)
X
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(0,00

[1,00]

i f+g[-3, 21U (2, 31F>R where (f+ g)(x) = 9 —x2+ Jx2—4, [5, J10]

bi fg: [0, o[ —>R where (fg)(x) = sz/)_c = x5/2

ii fg: 10, o[ —>R where (fg)(x) = In(x)

X

i for -3, 21U 2, 31F>R where (f2)(x) = (9 —x2)(x2 - 4)

ai  f-g: ]-oo, oo F>R where (f-g)(x) = 2e¥ -1

i f-g: -1, o[ F>R where (f-g)(x) = (x+1)—x+1

ili f=g: ]—oo, o[ >R where(f~g)(x) = |x—2| - |x +2|

bi  flg: R0}, —>R where(f/g)(x) = —=

1-e

ii f1g: 1-1, o[ —>R where (f/g)(x) = Jx+ 1

x—2
x +

iii flg:R\{~2}+—>R where(f/g)(x) =

a  fogv) =X +1,gofx) = (x+1)°
iia  fog(x)=x+1,x>0, gof(x) = Ax>+1
iiia fog(x) = 2 , gof(x) = (x+2)272

iva fog(x) = x,x#0, gof(x) = x,x#0

va  fog(x) = x,x20, gof(x) = |x|

b

via fog(x)= lz —-1,x#0, gof(x) does not exist.

X

viia fog(x) = x5 x#0, gof(x) = x5 x#0

vilia fog(x) = |x|-4, gof(x) = |x—4]

ixa fog(x) = k+2 2, goftx) = ||

x a fog(x) does not exist, gof(x) = (4-x),x<4

2

Xia fog(x) = X of(x):(L)zx;t—l
g x2+1,g T+l

b

b

.. 2 2
xiia fog(x) = x"+ x| + 1, gof(x) = |x +x+1| b

]_1’°°[

]-0.25,00[

> [_4r4]

]=o0, o[, ]—o0, oof

[1, o[, [1, oo

[0’ °°[’ [_2’ °°[

R\{0}, R\{0}

[0, e[, [0, oo

b ]_1’00[

10, eo[, ]0, o[

[_4’ °°[’ [0’ °°[

[_2: °°[’ [0’ °°[

b [0, oo

[0,1[, [0, o]

[]_’ oo[, [075, °°[
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2
xiii a fog(x) = 2° , gof(x) = 22 b [1,[,]0,00[

xiv a fog(x) does not exist, gof(x) = ——+1——1 ~-Lx#-1 b R\{-1}
X
xv a fog(x) does not exist, gof(x) = % +1 b1, oo
- _glx . 05x
xvia fog(x) =4"",x20, gof(x) = 4 b [1, e[, ]O, oo
4 a fog(x) =2x+3,xe R
b gof(x) =2x+2,xe R

C foflx) =4x+3,xe R

5 g(x)=x2+1,xeR

(o)
[N

fog(x) = )l(+x+ 1,x R0}, J—o0,-1] U [3,00[

b gof(x) does not exist.
C gog(x) = x+ 1 + zx ,x#0, ]—oo,—2,5] U [2_5,<>o[
Yox+l
7 a 9 b 3
9 g(x)=x"+3
1
10 g(x)=5\/x2—1+2
11 a x = =%l b x=1,-3
1 —X

a3 b2

2
hof(x) - {(x—l) +4,x>2
5-x,x<2

13

14 and r,, -C d, b gx) = 4(x+1)4xe R
15 a fog(x) = x,x € 10,0o[ range = ]0,e0[
b goft®) = 5(n(@¥ )+ 1),xe R (=) range = |-oo,0o]

c fof(x) = e2(¢® D=1 xe R range = Je” ¥[

16 a hok does not exist. b koh(x) = 4log(4x—1)—1,x> -

17 a S=R\]-3,3; T=R
b T={x:}x]26,x=0};S=]-00,-3] U [3,00]

1
4’R
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18 - Ly gof does not exist 3; A
-Aj 4: /1 '\ 2 /“\\
p >
3 3 v 1= goft)
5 v = fog(¥) A /
A il
' b y|= fog(x) x
0 N3 45 67 x [0 1234567 89

19 a Dom f=]0,e0[, ran f= Je,o[, Dom g = ]0,ec[, ran g= R

b fog does not exist: Iy =R« dy =10,
gof exists as rp = Je, o[ cdy = ]0,00[ 1+In2 x
C g0f: 10,0o[>R , where gof(x) = (x+ 1)+ In2

20 (fog)(x) = Ixl,x e R; range =[0, oo

21
¥ C y
Jof(x) = x
(1, 1) dom=R
ran = ]0,9°0[
X
22

b gofi11,e[»R, where gof(x) = x
d fog*:]1,00[»R, where gof(x) = x

range = |1,o0[

df=R\{‘Z‘}, re= R\{g}, rrcdp foftx) = x

2
24 a 7 b dfog = [-J2a, ﬁa],fog =2a-%
a

C dg0f= [—21/4a,21/4a],f0g = é«/2a4—x4,

~ha Ta > range = |0, ﬁa]

Exercise B.2.2

1 a %(xfl),xeR b v, xeR
c 3(x+3),xeR d %(x72),xe R
e ¥2-1,x>0 f x-1D2%x21
1 1
g =-1,x>0 h Jx>—1
x (x+ 1)
b, d,
2 X
X
-5
f
y y
: (0,1
1 X - X
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3a Jx+3,x2-3 b —-J/x+3,x>-3
y

4ty

/\/l—x2

,—l<x<1

a fl(x) = logg(x—1),x>1
1) = logy(x +5),x>-5

¢ 1@ = Slogyr-1),x>0

d gl = 1+logy(3-x),x<3

e B l(x) = log (1 +3),xe R\[-2,0]

3 X
f g‘l(x) = log (L) x>-1

Ax+1/)

b .
mverse
inverse
d e f

(=2,-2)

.
’,

inverse inverse

inverse

8 a Flx) =2-1,xeR

b f‘l(x)=%‘10x,xeR

O

flx)y =21"*xe R

© 2019
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d Fl) =3**tl+1,xe R
e Flx) =592+5xe R

f Fl) =1-103C-9 xe R
9 rlw= ;1+A/x+1,x>—1

dom = [1, eo[, ran = [—1, oo[

loaf_l(x):a—x bf_l(x)Z——?'——+a cf‘l(x): /az_xz
X—a

1170 = 32« ’

(.
12 [2,0f
13 R'\{1.5}

14 a Inverse exists as f'is one:one
b Case 1: §=10, o[

_x+x2+4

g () =1

<

Case 2: §=]—o, 0] !

¢ ) = xtrd

2

s — <
e :{ In(x)—1, 0<x<e
- x—e, x>e

fRHR,fl(x) =g+ e
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18 gofexistsas r,cd,.

It is one:one so the inverse exists:

19a bi

%(x—l) x<-1

B -lsx<]

%(x+1) x>1

if-1,0, 1}
20  ai tom(x) = "%, x>0 ii mot(x) = Jet,xeR
bi  (tom)"(x) = (In(x))%,x>1 i (mot)™!(x) = Inx?, x>0
c i & ii neither exist
d Adjusting domains so that the functions in part c exist, we have:

tlom1(x) = (moH)"1(x) and mYor 1(x) = (rom)~1(x)

e Yes as rules of composition OK.
(tom)™!
21 al b’ 0.206

(mot)_1

1

22 b fog exists but is not one:one

¢ iB =[In2, o[
ii (fog)~l: [0,eo[»Rwhere, (fog) L(x) = In(x+2) iii

y
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Exercise B.3.1
1.853

1.484

1.379

1.803

1.618 (or 0)
0.4429
2.151

1.400

360

9 - surprised? You probably had to use guess & check to do this as not many calculators will graph the factorial function.

¥ ° N AU w D

._.
e

Exercise B.3.2

l.a ..
Vil vi
v ‘\ yA /II
' (N 5\ '
P JATERY)
\ "1/
AT A/
\ T
\\ //L X
107
V111
y=f(x-1) y=f(r+1)-2
y=f(xr=2)+1
v=f(x-2) y=f(xr+1)+1
y=f(xr=1)+1 y=f(xr-1)-2
b yA yA
0,5} (0,5)
///)\ vii S
/l \\ );7 ya \
X
L1/l ENANAN
I/ A) \ .
/ / y=/lx=) \\
v=f(x-2)

r=f(x-1)+1
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a E] b |B
’ /
\ / x
4 B 1
X
T o

c B d (@

N\ eql¥ yi ¥

\ / .
\\\ /I/ -2 -1 5}
N V. /_—‘-L\
N /
\Q\‘ ‘// ” / \
TE5E g 1011 iz / \
/ N
€ E]
¥
\ 2
B -1 O‘\ /V
~--.._____/
3 a x=-2 b x=4 C x=-1 d x=12

Exercise B.3.3
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2 a y=-x) b y=f=x) ¢ y=flx+1)

d y = f(2x) e y = 2f(x)

3 yA

(0 5

(97

/
7 B S /)
Z
/. \\/// xy
/'

4. flx) > f2x)

5. The temperatures must be scaled using F = 1.8C + 32
6. fx)-->-2f(lx+2)+4

7. Adjusted reading = 1.1 x raw reading - 5
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Exercise B.3.4

© 2019




Exercise B.4.1

O VA L A A
d 1] e i 11 f ,.{ 1
T LA T
AR
A Y
J/ R N N

\

» (0,2)(-2, 0)

, (3, 0), (0, -6)(-0.5,0), (3, 0),

]

e

7

N

(_2: ﬂ}: (l ﬂ}: (ﬂ>

—4)(-2.79, 0), (1.79, 0), (0,

-5)(-2, 0), (3, 0), (0, 6)

g

o

/

h

A

\

-

(~0.62, 0), (1.62, 0), (0,

1)(-2.5,0), (1, 0), (0, 5)(

~3,0), (0.5,

0), (0, -3)




-
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)

(-2, 0), (2, 0), (0, —4)(-2.79, 0), (1.79, 0), (0, -5)(-2, 0), (3, 0), (0, 6)
L 5 h i

o

1\

(-0.62, 0), (1.62, 0), (0, 1)(-2.5, 0), (1, 0), (0, 5)(=3, 0), (0.5, 0), (0, -3)

' AN

(3,0), (0, 3)(=2, 0), (4, 0), (0, 4)(-0.87, 0), (1.54, 0), (0, —4)

7
4 ax=1 b(1,9) ci{Zigﬁ,()] i 0,7)

2 i
=9 9 9
5 :Mr—:1 bke:4 ck>4
6 ak=2 bk<§ ck>§
8 8 8
7 ak=+1 b -1<k<l1 ck<-1uk>1

3 3 2
R = e Aaan
8 ay 12(x 2)x-6) by g(x 4)
Cy=%(x—2)2+l dy=3x2—6x+?

9 ay-= —%x(x—ﬁ) by= %(x—?»)z

Cy=g(x+2)2+3 dy=—§x2—2x+?
Exercise B.4.2
1.
a E] b B
\ it ¥y I
\ i / I /
\ g / \ B /
\ H / NG /
A x x
-4 -8 S -1 2 4 -4 -3 -2 A0 2 4
4 S /
3
4{ 4
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c E] d ]

" \ [ F 7/
3 N4 /
1 2 1 .
o — 1 0 2 [ 4 8 2 1 g 4
£ . \ "
/ = \ 2
i ar
e ] f ]
j alZ / it
= \ ¢ /
. % I / N ¥4
s -2\-I\o . 5+ X\ o /!: =
] 3=
i 4
2.
. [B , [B
. N / \ ML i
2 —=)
X / : ]
4 8 2 1 o j/ 3 4 % A\ 8 2 1. 2
!
Al Al
¢ E] d E]
" .4
af
\ X l(ll A\ X
B il T T ¢ 4 8 2 0 7
l 2[h\ ,I 2| \\
/ s g \
/ A ki
e E] £ ] [
= 5
\&— >
\\1 F i 1 -
8 2 I — S W ) N
. /2 \
3[ ! \
Al [
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a ] b E]
AL {'
\2L N T/
4 x 3
45 2 1 g z 4 8 -2 1 ] 1 ¢
o i
4[ -.[
¢ ] d E]
i \
\ a \
\ 3 o
\ g / N T/
1 X ,
M B - 1 0 1 4 -8 -2 -AQ 1) 2
A Y B Y
T :
38 Al
o B [HathRadMNorn] £ ]
\ {7 ] {' /
\ : |\
\ I i
/ % A1/
= T -1 0 ] . 4 1 B 2 A 1 2
\ 2
3 3
o Al
4. y=2(x-1)=4x>—8x+4
5. y=-x"+4x-3
6. E] —Va<x<3
P
4 8 2 1 .
L e
7. [El [EXEl:Show coordinates [El [EXEl:Show coordinates

YI=-x2+10%%1
Y2=.2x+5|

X

Y1=-x2+18%2+1
¥Y2=,2x+5[

X

X=0. 426%61 507 Y=5. 0853k23

12

NTSECT

12

kNTSECT
X=9.3732%3849 Y¥=6.87465077

Profitable from 0.43 to 9.37 years.

© 2019

Yes - h(4.5) = 0.225 (22.5 metres) so the projectile passes over the deck.




NMiathematics: SL:. Answers

Exercise B.4.3

1 a -5 b 4,6 C -3,0 d 1,3
e 6,3 f -2,%/, g 2 h -3,6
i -6,1 j 0,%,
2. a -1 b -7,5 c /5,3 d -2,1
e -3,1 f 4,5
—1£+/33
3 a -1+/6 b 3++/5 c 1+45 d o
. 9473 ; 1+£+/85
4 6
3+./37 5+4/33 3+.4/33 7457
4. a b c d
2 2 2 2
—7+/65 —5++/53
e 65 f -4,2 g -1+2\2 h /53
2 2
34437
i 5 j no real solutions k 4+7
2+4/13
1 no real solutions m V13 n 342411
2 5
6++/31 6429
o p
5 7
5. a -2<p<2 b p==2 c p<-2orp>2
6. a m=1 b m<1 c m>1
7. a 242 b ]—o0,—2/2[U]24/2, 0o c 1-242,242[
8. a k=162 b J=o0,~6v/2[UJ6V2, 5 c 1-6v2,62]
10. 4
12. i 1<x<3 ii x<-lorx>2 iii —1-5<x<-1++5
iv 761 <x< —7+461 v no solutions vi x=-1
2 2
) 737 7437 -3-13 -3+J13
vii <x< viii <x<
6 6 2 2
1-+/5 1++/5
ix no solutions X 2\/7 <x< 2\/_ orx< -1
13. 60%

14. a h=6+28x.-0.1x>,0<x<24 b (6.52,20) to (21.5, 20) ie. about 15 m.
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Exercise B.4.4

1. i B ii B
5 3ty
3t 1 L
3 -11 0 €
Z 5
- C o &
i ;
4 |
I ! i
iii B iv E]
SW 5
,4 3t b ==
2 Y
1 X
_g o / Q -g o C
T o
[ [
v B vi E
E 3
2
1 = 1 X
_g B Q -g o C
2L/ 2
at St
4 |

1
2. y=——"-Lx#2
x—2

2
3. y=——+Lx#1
r—

4. y=l-x,y=x-5

5 y=tx
4

6. p=200
V




Exercise B.4.5

1 y =2x=-1

y=-1,x=-3

6 a4i(0,1),(2,0) idiy=-1,x=-2 iii
b FIR{-11PR, wheref ! (x) = 2((11;)26))
7 ay=8x=3 b \\
—— = -v=8
X
| Range = R\{8}

8 dom =R\{0}, ran=R\{2} dom =R\{-0.5,0}, ran =R\{0.5}

I J y = g(x)
“_““\ y = f(x)
i H
9 Asymptotes: a y=2rx=0 b y = %x,x =
10  Asymptotes: a y=2x%x=0 b v

NMiathematics: SL:. Answers

1 1
yZE’x: Z
y=5x=2
ivd =R \{-2}
0 C y=-xx= d y=xx=0
=x2,x=0 C y=xx=0 d y=x3x=0
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11 Asymptotes: a y=x+3,x=0 b y=-x+2,x=0 ¢ y=2x-2,x=0

d y=x+2,x=0

12 ai(0,4),(2,0) iiy=3-xx=1

y‘
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5 a[l,16] b[3,27] ¢[0.25,16] d[0.54] e[0.125,0.25] £[0.1,10]

8 al2,2+e'[ b[-1,1[ c[l-e1+el]
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d
[0,11/3]

10,2[w{3}
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A

[1,eof

10a
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X
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1 ——
1 a y =2x=-1 C y:i’x: n
y=5x=2
6 a4i(0,1),(2,0) idiy=-1,x=-2 iii ivd =R \{-2}

2(1 -
(1+x)

b STERE-13PR, wheref1(x) =

| Range = R\{8}

8 dom =R\{0}, ran=R\{2} dom =R\{-0.5,0}, ran =R\{0.5}

N 1

9 Asymptotes: a y=2xx=0 b y:%x,x:O C y=-xx= d y=xx=0




F
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10  Asymptotes: a y=xLx=0 b y=xix=0 c y=xx=0 d y=x3x=0
11 Asymptotes: a y=x+t3x=0 b y=-x+2,x=0 ¢ y=2-2x=0

d y=x+2,x=0

12 ai(0,4),(2,0) iiy=3-xx=1

y‘

C
b
1 ! >
X -22.01 1 2 17.99
-21.89 lfl(x)=x. (x-l) 18.11 l‘l(x)=x -1
x+2 1Y X+2
\3.73,-7.46)
-\4.45,-9.9) \
-16.6 -17.61
C T d 1.1
17.11 %) 17.11%y
243 x42 (3.45,9.9) (>6.0479.63)
fl(x)=T“ (2 x
X £1(x) ==
x+1
1 X 1 X
EZNN (_\2_152,_0.222) 16.6 ~23.4 1\ 16.6
(7.04,-4.42)
-9.56 -9.56|
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X 3.55
Center? = \
Lb)=
e (x+1)2 f1(x)= x-4
0.2 o (;+1i Ix-2i
[F6745 .2 3.55 *

0.2 '
=5.22. 2 4.78

-4.|03 =3.11

C d
0.2 x|
~5.22label B 2 4.78 .
f )= x+2) (x-1 H(X)= 6-x2—x—1
-3.11 -4.31/
1
3. a x=—4,y=x-5 b x:—E,l,}/:O c x=-2,1,y=0
d none
4 Y
5. (1,-1)
6 -12
| R r——— A

7 -4
8 0
9. a
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10. (a,3a)
11. ~3140

12. p(max) = 8.88 at t =2.82




Exercise C.4.1

10

11

12

13

14

15

NMiathematics: SL:. Answers

1697 137 52971 231w
a 150 cm?, 5.2+E cm b ) cm?, 23+T cm
681
c 2421t cm?, 88 + 11t cm d 11567 m?, 13.6+Fm
127
e 96—7[ cm?, 1.28+—cm f ﬂ cm?, 15,2+19—7Tcm
625 25 15 3
129431 301z
g 5248.8m m?, 648 +32.41 cm h 300 cm?, 17.2+ cm
124 4187
i 1922 cm?, 124+ T em j 158847 cm?, 152+ cm
14
k 12n cm?,24 + 2n cm 1 987” cm?, 28+Tcm
1961 115327
m — cm?, 5.6+28—n-cm n cm?, 49.6+186ﬂ cm
75 15 25
3 T
o, 24+ —
) =0 cm?, 0 cm
0.63, 36°
0.0942 m?
1.64¢
79 cm
5.25 cm?
J507°
5
a31.83m b40628m c11°
1.11¢
0.75¢
a 185° bi37.09cm ii88.57cm ¢370.92 cm?
2
26.57 ™
193.5cm
a 105.22 cm b 118.83 cm
a 9 cm b 12 cm c 36° 52’
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16 b c 0.49

17 1439.16 cm?
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Exercise C.5.1

1 a 120° b 108° C 216° d 50°
3n¢ ¢ 167°
2 a n b 7” c %n d Tn
3 1
3 a % b ) c -3 d -2
1 e €L
e - f > g 5 h M3
_L . _L -2
i 5 j W k 1 1
_L L 1
m A/z n ﬁ (0] - P ﬁ
q 0 r 1 s 0 t undefined
4 a 0 b -1 C 0 d -1
- f = 1 h 2
¢ i i g -
1
1 3 — 3
P i g kB :
N I
m - n 2
! A3 1
5 a 3 b > C 11 d >
_L 1
e ﬁ f _E g _’\/§
6 . b L Ne d 2
a 3 5 c
I L NE]
e 1 f 2 g 7 h ~5

P
Sl
~
Sl
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i O L
7 a 2’ P b 27 2 C /\/E’ ﬁ d 2’ 2
3 1 1+.3
8 a 0 b 2 C 3 d 25
2 2 2
10 a 3 b 3 c 3
2 3 2
11 a 5 b 5 C :
k 1 k
12 a b k C -
5 3 5
13 a 3 b NG C 3
3 3 4
14 a 5 b 4 C 5
4 3 3
15 a 5 b i C 3
—k b 2 R
16 a LR ¢ N

k
“J1—k2 -
17 a 1-k b A/l__kz C m

18 a sin® b cotO C 1 d 1
e cotd f tan©
n 2n T Sm T 4m St In
19 a 55? b 3’ 3 C 37 3 d 67 6
5t 1l ¢ Izlz
€ 66 66




Exercise C.5.2

10

11

12

13

14

15

16

17

18

NMiathematics: SIL:. Answers

7

o
NYE]
N

Q| —

ii

a x2+y2=k2,kaxSk b 2 2
(1-0% @-2)% _
c (x-1)2+2-y)2%=1,0<x<2 d 2 P !
e 5x2+5y2+6xy =16
. 4 .. 5 bi A
al 5 11 3 1 ﬁ 11
T 2T 4n ST n7m 1ln T 5T
a 3, 3, 3, 3 b 27 67 6 C 0,8,?,“,2“
2a a2-1
a a2+1 b a?+1
ai 1 il b 1
2 1+ x2-1 2
a 1-Ax2-1 b 1+ yxr-1 S-1
x X X
5 9
ai 6 ii 2 jii 8
bi 5 ii 1 iii -2
T okm k ok ke Z
a 2 b E+2 mkeZ or >
1
ai 25 i 54 bi 27
a 1+ 2k b (1-k)JT+2k
1-a .. —A/2a—a2
a 2.Ja bi 2+ 2a-a? -
2 2.2
a 3 b 0,475~
T 2%
O’ 37 3!TC
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Exercise C.5.3

1 a sinocos ¢ + cososin® b cos3ocos2P — sin3asin2f sin2xcosy — cos2xsiny
P tan20 — tana _tan¢ — tan3®
d cosdcos2o + sinsin20 e T+ an2Bana 1+ anoan3o
2 a sin(2o.—3B) b cos(20.+ 5B) sin(x +2y)
d cos(x —3y) e tan(2o.—B) tanx
tan[ 2 — ¢ h sin(E’ tot B) sin2x
g an 4 4
56 3 16
3 a 65 b 65 c 63
16 6 56
4 a 65 b 65 ¢ 3
511 T 511 3511
> 8 18 b 18 ¢ 7 d 162
3 4 3 24
6 a 75 b 3 c i d 7
1+.3 1+.43 1+.3
7 a 2 b 2.2 c W d N3-2
2ab a2+b2 at — 6a2b2 +p* 2ab
8 a a2+ p2 b 2ab ¢ (a2 + b2)2 d b2 42
12 2-1
5w T 51 3n -1 1
14 a 0,z,m, ?,215 b g, 62 C 0,m,2m, 0, Tt o, 2T — 0O, o0 = tan (E)
15 a R = Na?+ b2 tano = b b 10
a
16 a R = Na?+ b2, tana = b b -11
a
18 2-.3
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ANlen
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Exercise C.7.1

1 a
e
2 a
e
3 a
e
4 a
e
5 a
e
i
m
6 a
e

T 3®

44 b

T S|

373 f

T 7n

44 b

T 5t 7n 1ln

666 6 f

T 7n

66 b

T Sm4m lin

363 6 f
90°, 330°

o Sm 137 17n

2’1212 12
60°,300°

T 21 4T 5T

337373 f

T 4T .

33 )

T 5m

33 n

3nn

44 b

T

iz f
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2n 4n

3’3 c

351

222

n In

4° 4 ¢

3

b 180°,240°

f 0, T, 27T
4n St

b 3°73

2n 5w

3’3 g

T 27w 47 5S¢

y3 33 K

n 3n 5w In
7444 o
T

+=

_3 C
n7m 9n 15m
388" 8 g

n 2%

3’3 d

n lin

66 d

T 41

3’3 d

C 90°,270°
T 2n 4m ST

g 33733
T Im

¢ 66

St 9n

6’6 h

manimSm

636" 3

(]

Tn 3w T 5n

_ga_?yg,g d

n 37w

2’2 h

n St 13n 17w 257 291

1818 187 187 18’ 18

T
4tan” 12
d 65°,335°

3t 7m 11w 157m
h 88 8 8
d 23°35°156°25’

3.3559¢,5.2105¢

68°127248°12

NTE]
N
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7w 57 3 13w 17 7w

w3t Iw
¢ 2= d
2 2 2
1 2 +1
e 2nnisin"(—jif, Gtz _ 4
3 2 3
3n I -1(2 -1(2
8 a T 4,tan (3),n+tan (3) b

. n St 7 lln 13 17n 197 23 .
a 1271212 127 127 127 127 12
5 _ 3n In
10 a g,?ﬂ: »TC + cos IG) b5
d tan_le), n—tan—1(2), T+ tan_l@), 21— tan—1(2)
1 Zsin(x+7—c) b 0,25 2n
a 6 9 3 b
2si J-“) T 3n
12 a sm(x 3 b )
T 27
333
T 5T 131 171
14 a (6’6)U(6’6) b
T 5w b4 T ST
s PDUEA e o3
17 ai {x|x =kn+o(-D)k ke 7} ii
b {x|x = (2k+ 1)§}u {x|x =2kn}, ke Z c
T 5m A2
19 a 0, 3’3 .21 b «/i P

—2r,0,27

bl

66 26 6

2m 4n
33 ¢
tan—1(3), © + tan—1(3)

3n
(2 2n

Bl

6

0,1,2,3,4,5,6

-
a
NI1a

NEY

(Tc + sin_l(%), 21— sin_l(jl_g)) U (31‘c + sin_l(jl_g), 4 — sin_l(jlg—))

{x|2kn+a<x<k+\)n-o ke Z}

{x|x—z%t+£}u{x|x—2kn—72—r},kez

10

2 cos’-t, 2cos S—T—r', 2cos—
9 9 9

n
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22 a90°199°28)340°32° b (199°28,340°32’)
25 {(x,y)|x = 2kn+§,y = 2kn}u{(x,y)|x = 2kn—§,y = 2kn+n}, ke Z

Exercise C.7.2

1 a 5,24,11,19 b r= 5sin(’f—£—3)+ 19 c 23.6°
2 a 3,42,2,7 b L= 3sin(;%_3)+7
3 a 5,11,0,7 b V= 55in(gﬁ-t)+7
4 a 1,11, 1, 12 b p= sin%—Tlt(t—l)+l2
5  a 26.7.2,6 b S = 2.6sin27”(t—2)+6
6 a 0.6,3.5,0, 11 b P- 0.6sin(47m) 11
7 a 0.8,4.6,2.7,11 b D= 0.8sin2%(t—2.7)+ 1
8 a 3000 b 1000, 5000 c g
9 a 6.5m,7.5m b 1.58 sec, 3.42 sec
10 aA 750, 1850 b 3.44 c mid-April to end of
ugust
11 a 15000 b 12 months
c d 4 months
12 a b 26cm C 40s

d [18,34] d 8cm e 2s
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f D(7)= 85in(7z:(x+%)]+26 (for example) g 34cm
13 a D(2)= ZOSin(s?ﬁ(x + 0.2)) +52 (for example) b 72cm
c 62cm d 0.86s

1
14 am,-2,2 bgm c-m

Wi

15a
F(t) 6 |8 6 4 6 |8 6 4 6
G(t) |4 14.0625 [4.25 |4.5625 |5 |5.5625 |6.25 |7.0625 |8
b T c 3 d 38.4%
16 bi 7,11,19,23 ii [0,7]U[11,19] U [23,24] C 149 m




Exercise D.4.1
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1 a w0 b r=20.97 C M=0.2967T + 48.28
70 '—.—H—P‘ *
o oo ®
2. a,b,c
90
80
70
.\.\t o
60 W
50 \\
Y40 L >
30 y=-0:3681x+74444
20 R?=0.86088
10
0
0 20 40 60 80 100 120
d (40)=59.722 (interpolation); y(120) = 30.278 (extrapolation)

3 80
: v=0.5827x - 28.518
70 R2=0:88137
60 <
50
40
30
20
10
100 110 120 130 140 150 160 170
4. B
5. a 0.78 bi P=1.07M -12.91 ii 73%
ci M=0.77E + 27.14 ii 100
iii Extrapolated. Continued linear trend highly likely. Therefore confident
d Find regression equation of E on M, then use M = 90 into this new equation.
6. a positive b linear c very strong
7 ai w©
g* *
50
S e

40

30

20

10

30 32 34 36 38 40 42 44
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ii =0.8908
b r? =1.7935, that is, 79.35%
c y=2.15x-33.28
d 60
20

40 L

30

20

10

0

30 32 34 36 38 40 42 44
e x =37, y = 46.35; Expenditure is $4635
8 a 900

800 L J

700 L 3

600 —”—‘—’

500

400

300

200

100

° 900 1000 1100 1200 1300 1400 1500

ii r=0.9629 b y=0.635x - 33.815
d When x = 1040, y = 626.59. The carcass weighs 626.59 Ibs.
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Exercise D.5.1

1. a 0.7 b 0.5 c 0.4
2. a 16 b /16 c *ls d *l16
3 a a1 b Y72
4 a b s c */16 d *ls
(2

5. a *l4 b */s c 0.2, 0.3 ; the events are not independent.
6. a */51 b No c 13
7. ai Yes ii *l6a iii Y

bi No ii *l2s iii *la
8. a 0.76 b 0.24 c 0.6
9. a b *Is0 c 77/ 200

d /115
e No, selections made without replacement are always dependent.

10. a i b s c Y16 d i)

e *ls f 716 g N h /s

i s
Toolbox notes
The Neglected Friend
What if the eastbound train arrives ‘on the hour’ and the westbound at ‘“five past the hour?
The Gamow-Stern Elevator Paradox
Look at the number of floors below Harriet’s floor. The probability that the elevator is below and heading up is larger that the
E;:l;z%ielg?f that it is above and heading down. The reverse applies for the low floors. The situation improves if more elevators

Crown and Anchor

The answer to this is to list all 216 outcomes and the payouts for each. You should find that for each $1 wagered 7.8 cents goes
to the casino.

The Wallet Paradox

As far as we know, nobody has come up with a good explanation of this one!




Exercise D.6.1
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1. a 4.55 b 5.52 c 13.1 d -1.88
e -5.1
2. a 2 b 33 c 1.6 d -1
e -4.6
3. 69.7 kg
4. 46 min 22 sec
5. Yes.
6. 1.0146 mm
7. a About 0.27% b About 4.6 times as many. c About one sixth.
Exercise D.6.2
1. a 4 b 37 c 7.9 d -1.2
e 148
2. a 0.25 b 0.23 c 12 d 13
e 0.95
3. a u=50=09 b u=44,0=025c u=34,0=13 d u=172,0=5
e u=-3,0=0.5
4. 2.3 gm.
5. a u=354mL,0=23mL b 7 or8
6. a 1 =450 sec, o = 35 sec b ~25
7. Before signs: g = 55 kph , 0 = 6 kph. After signs: p = 53 kph , 0 = 4 kph.

There is some reduction in speed but also, after the signage, the cars are going at more consistent speeds (safer?).




Exercise E.2.1

1 a _;Z b
2
(3 A/)-C f
10
i 33A/)'C j
3 1
2 a 2“;*'35 b
1
e I3 f
2 4
i IS
3 (1 1
1 SR 5)
Exercise E.2.2
1 a 483 -L
2.4k
9 1
d 20-2./0+3 - ——
2 2,\/6
g 612+5
8
2 a 3t3
6,2 1
d AR

Exercise E.2.3

1 a 3x2 - 5x4+2x+2
4
c 5
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3
¥ c
9A/)_c g

5~ __°
2./x 5x3 k

4x3+3x2-1 C
11
2 4 8

1J§ 1
- =+ k
20x 643

3x2+1

2x—1—5%%c+ 2

53/x3

2 4
b 2n—=-— c
n2 n5
e 40312 f
h 2n+ 8h
20
2nr — =
b =3 c
4 1
¢ pwn f
b 6x5 + 10x4 + 4x3 —3x2 - 2x
d 6x° + 8x3 + 2x

3 1
3 k-
h VX 2.3
SR S WP
1 2.3
L
d 2
3
h 2x7;
3pe S L
2 66/\/1—‘ A/;
100,
3
532,3
25
3m?2—4m—4




2
(x—1)?

f(x4 +3x2 + 2x)
(@3- 1)?

(sinx + cosx)e®

4x3 cosx — x*sinx

i()c cosx — 2sinx)
x3

(Inx +1+xInx)e*

Sinx — x COsx
sinZx

2xcosx — sinx

2x./x

xe¥ + 1
(x+1)?

~5eY+1

25c0s5x + 62%

4x+1

Tcos(7x—2)
2xcosx? + 2 sinxcosx
L sin(l)

x2 x

l 2(1 )

xsec o0g X

4sin0 - sec?
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1
(x+1)?

2x2 +2x
(2x+1)2

Inx +1

2 2

—sin“x + cos“x

e¥(xcosx + xsinx + sinx)

—[sinx(x + 1) + cosx]

(x+1)2
Inx -1
(Inx)?2

-2

(sinx — cosx)2

4cos4x + 3sinbx

dsec2dx + 2e2%

| -

N
B
= 1=

cos0

2sec?20 -
sin20

—3sin0 - cos0

—sin2x

A cos2x

—5cos5x - csc2(5x)

1—x2-2x
2+ 1)2

S
(1-2x)2

F(2x3 +6x2 +4x+4)

2xtanx + (1 + xz)seczx

ex

(e¥+1)2

(x+1)—xInx
x(x+1)2

2 _x+2xInx

X
(x+ lnx)2
1
>

71673 - =+ 18x
3

—4sin(4x) +3e73%

1 X .
2008(2) —2sin2x

1 6sin6x
X

—l—cosA/)_c

2%

e¥cos(e¥)

—cos0 - sin(sin0)

—6¢sc2(2x)
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263+ 1

2
ZQZX+1 —6e4*3x c _12xe4—3x
L fx Lk £ Q2+
2 2 AJx
27 +4 - 3x°—6x+1
2xe A1 i (6x—6)e
cos(e)esme 2Sin(29)e—00526 1 2x
2e*
(e +1)2 3(e¥+e M) (F—e )2 o ert2
2
(—2x+9)e ¥ t9x-2
2x cos@+1 ef+e™ 1
8 a 2+ b sinB + 0 ¢ e d x+1
3 2 1 1 _3x2
2(1 -
e x( nx) f s g D) h P
1 —2sinx cosx 1 1
. _ . R A S -+ cotx -+ tanx
1 2(x+2) ) cosZx + 1 k X ! *
3x3 sinZx . 1
In(x3+2)+ +2.J/xsinxcosx ——sin /0 - cos/B
9 a B2 b 2/ c NG
d (3x2- 4x4)e_2x2 +3 e —(Inx + 1)sin(xInx) f lenx
@x-4) sinG?) =2 cos( )24 p 10(n(10x+ 1)~ 1)
& (sinx2)2 [In(10x + 1)]2
(cos2x —2sin2x)e* ~ 1 j 2xIn(sin4x) + 4x2cotdx  k (cos/x — sin A/)_c)z%/_e_ﬁ
x
Sx+2¢9 _ c0s20 + sin201In(sin®
—(2sinx + 2xcosx) - sin(2xsinx) m e “0-20x) n ] ) ( )
(1-4x)2 sin@cos~0
_x¥2 p 2% +2 q 10x3 +9x2 +4x+3
2+ D)x+1 /x2+2 3(x+1)2/3
3x2(3x3 + 1) 2 Llinezen ¢ 2
$ x2+1 x2 x(x+2)
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” x24x-9 . 7x3 —12x% -8
u 2 i1 v 3 w —_—
2x“Ax—1 x“+9 272 —x
2n—1
x nx”_lln(x”fl)-k—'L
x"-1
10 x=1
11 0
12 0
13 1
14 —2e
15 a cos2x — sin2x b %)cosx" C 7%6 sinx®
16 bi 2xsSINxcosx + x>cos*x - x>sin’x ii e (2cos2xIncosx — 3x2sin2xIncosx — sin2x tanx)
3 3x2 .
17 ai 7;(lnx)2 ii 1.3 bi 272X . cos(e2¥) ii “2xcosx? - e~ sinx?
-x
1
—k
18 3
+
19 x=ab, mb + na
m+n
20 {0:ntan®” - tan®” = me" "}
21 a —4csc(4x) b 2sec(2x)tan(2x) C 3cot(3x)csc(3x) d —3sin(3x)
e cscz(g —x) f —2sec(2x)tan(2x)
22 a 2x sec(xz)tan (xz) b sec2x C tanx
d —3cot2xcsc2x e xcosx + sinx f —2cotxcscx
3 4
g 4x” csc(4x) —4x"cot(4x)csc(4x) h 2cotxsecz(2x) _ csczxtan(Zx)
. secxtanx — sinx
1 2 ,/cosx + secx
23 a e5%CXsecxtanx b esec(e¥)tan(e) C e¥sec(x) + e¥sec(x)tan(x)
P 2
d —escrilogx) )(Clogx) e —5csc(5x)sec(5x) f _cotx(x) —csc (x)logx
g —cosxcot(sinx)csc(sinx) h —cos(cscx)cotxescx i 0
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Exercise E.2.4

2 2
1 a 20x3 b 48(1+2x)2 c 3 d (112
6 42
e 2 f 23 g s h 24(1 -2x)
2
i 1 : 267t D) k —165sin40 1 2cosx — x sinx
x2 (1-x%)?2
6x2 + 6xsi 3 l 10
m X< COSX X SInx — x~ sinx n ¥ o (2x+3)3
8sin4x — 15cos4
P 6xe2X + 12x2e2X + 4x3 2% q — o o
_ —48(x2 + 2x5) 10
2 4x2ging2 —As(x"+ 2x7)
r 2cosx* —4x+“sinx S (4x37 1)3 t (x—3)3
2 a 6x2cosx+(6x—x3)sinx b 2lnx+3
4 .
c - d (coszx—sinx)es‘""
(x+3)
-1 ] (41’ +4x+2)e’
e -
4(x+1)Jxr+1 (x+1)
6lnx—5 n2lnx+nlnx—2n—1
3 4 ’ xnt2
4 '(X)*— "(x) =
4 1)2f 1)3 (x+ G +1)5
V) _ 120 n) — 1 n__________
S = = f( () = V'

(—1)"2"n!
ax —_
€ b (2x+ 1)n+1
2k yM(x) = (~Dkaksin(ax+b), k = 1,2, ...
C _ .

=2kl (x) = (Ck a2k Teos(ax+b), k = 1,2, ...

B
I
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1 3+m
8 a 2+ — b —_
8.2 2
9 -1 [0,1.0768[ W ]3.6436,2p]

Exercise E.2.5
1. a 203 b 2.25 c 2.6923

d 15.91 e 23.9 f 1
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Exercise E.4.1

1 a b C d
b o) y y y
3 [(4,0)
X (2,00 x X 4,4
X
(3,2 (0,—4)
. 09 8l .
2 a max at (1, 4) b min at 5>~ c min at (3, -45) max (-3, 63)
d max at (0, 8), min at (4, -24) e max at (1, 8), min at (-3, -24)
f min at DL+ /13 70_26mﬂ,maxat El_“/ﬁ, 70+ 26./13 g min at (1, -1)
03 = 27 O 3 27
. . . . 0132
h max at (0, 16), min at (2, 0), min at (-2, 0) i min at (1, 0) max at 173 270
04 _40
o’ |
j min at 9 27 k min at (2, 4), max at (-2, -4)
1 min at (1, 2), min at (-1, 2)

d

Yy
(-1.15, 3.08)

(1.15,-3.08)

i
Y 0l 1p y
136 T08.

(1’71)
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4 min at (1, -3), max at (-3, 29), non-stationary infl (-1, 13)

5
. N . o . 030 .. 030
6 ai (cosx - sinx)e ii —2cosx.e bi R ii 2
0 30
o =00 =0
2. 030 | 2
c Inf‘Dz’e T3 L d by
0O 00 0 .
! X
0/4 0 o
. . .. . _30 7 .. _030
7 ai e*(sinx + cosx) ii 2e*cosx bi X=0 ii X=35
3 70 0 30
27 g ity 0 0 30
c St. pts E3_D’ Lo, EZ‘% _ L%+ Infl pts. %%, X, E32D,—e 2+
TR 2 0 0O 00 0
d yT
072 x5
. . .o . . D 5|:| o
8 ai e*(cosx — sinx) ii —2sinx.e* bi iy ii 0, T, 21
0
] 50
ULy T, e 2
c St.pts.D4, ﬁe +,HI’_ et Inf. pts. (0, 1), (w, —€™), (27, e™) d v
0 0 0 2 0
1 X
P2% /al2
9 ai (1-x)e~ ii (x - 2)e™ bi x=1 ii x=2
c St. pt. (1, e!) Inf. pt. (2, 2¢7) d
10 a 8 b 0 c 4 d 273/910 56.16

11 a min value -82 b max value 26

© 2019
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12 aptA: i Yes ii non-stationary pt of inflect;
pt B: i Yes ii Stationary point (local/global min);
ptC: i Yes ii non-stationary pt of inflect.
bptA: i No ii. Local/global max;
pt B: i No ii Local/global min;
ptC: i Yes ii Stationary point (local max)
cptA: i Yes ii Stationary point (local/global max);
pt B: i Yes ii Stationary point (local min);
ptC i Yes ii non-stationary pt of inflect.
dptA: i Yes ii Stationary pt (local/global max);
ptB: i No ii Local min;
ptC: i Yes i Stationary point (local max)
eptA: i No ii Cusp (local min);
pt B: i Yes ii Stationary pt of inflect;
ptC: i Yes i Stationary point (local max)
fpt A: i Yes ii Stationary point (local/global max);
pt B: i Yes ii Stationary point (local/global min);
pt C: i No ii Tangent parallel to y-axis.
13 ai A ii B iii C bi C ii B iii A
14 a b c
Y
')
X
£"(x)

15 y=x3+6x2+9x+4
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16 f(x) = %x3—x2—3x—6

17 flx) = 3x5-20x3

18 y

ol 1p1
502005 B

19 m=-05n=1.5




Exercise E.5.1

NMiathematics: SIL:. Answers

1. a 4m b 2m/s c 2 m/s? d 6 m/s
2. a H(t) = 0.5¢**, h”(t) = 0.25e" b 74 m/s
4x—1 7
3. a h(t)=—————,0<¢<5 and 4"(¢)= ,07<55
) WN2P —1+1 W2 1 +1(27 ~1+1)

b At t =5 speed = 1.87

4 a () =—L and 7"(r)=—2 b -0.25m/min
(2£+1) (2¢+1)
5. yv=-8,a=-2
Exercise E.5.2
1,

1 a x=03+3t+10,t=0 x = 4sinf+3cost— 1,120 C x=12—4e 2 +2t+4,t20
2 a x=08-12120 100 C 100% m
3 a x=—§(4+t)3/2+2t+8 6.92 m

125
4 ? m

125
5 s 63.8 m
6 a g s g,l m
7 80.37 m
8 a s(t) = %[l - cos(%t)}, 20 b 86.94 m

C -6.33 m d 116.78 m
9 a v=4+k7t£2,t>0 b k=2 ¢522m

10 b 0.0893 m




d 2x\/?

+c
7
2. a 12dx +¢
3xix
d \/_+c
4
3x%
3. a +c
5
d (x+1)5+c
5
Exercise E.6.2
1
1 a gesx+c
d 10e%1¥ + ¢
g —02e705 4 ¢
j 62—2x+c
2 a 4log x+c,x>0
d log (x + 1)+ ¢, x>~1
L oy tlog xtex>0
g F¥7 - 2xFlogxte,x
1
3 a —gcos(3x)+c

1 1o
cos(2x) + =x“+c

NMiathematics: SL:. Answers

%
2x72
b —2x+c
5
e 6\/;+c
b 6x+2Vx+c
5, 4
3xé 3xA
e Tt x+tc
5 2
7
3x73
b +c
(2x-1Y
e =4
10
1 3
—ed% +
3¢ c C
—le_4x+c f
4
el —¥+¢ i
33 4 ¢ 1
—3log x+c,x>0 C
l1 + 0 f
Flog x c, x>
h 3In(x+2)+c¢
1.
=sin(2x) + ¢ c
2
3 1.
2x° —=sin(4x) +c¢ C

4

3

X 1
¢ —+2x——+c¢
3 x
2
f 20— ——x+c
2 1
c ————+c
x 3x
-7
f -+c
S5x
2,
2x(6xé +15x% +10)
C +c
5
5x6/5 3x%
f - +c
6 4
%ezx-kc
—e e
55T +e
2A/e_x+c
210g 5+ x> 0
slogx+c x>
1
x-2log x—=+¢,x>0
x
%tan(Sx) +c d cos(x) +c¢
%esx+c




f—‘e%x - 2cos(lx) +c
3 2

1 2x
3¢ +4log x—x+c,x>0

%cos(4x)+x—logex+c,x> 0

1 2x 1 -2x
- _ _ = +
2e 2x 2e c

—%cos(2x+n)+c

—4cos(lx+1—t)+c

4 2

1 4

—4x-1) +

16(4x 1) +c¢ b
—1—(2x+3)6+c e
12

1 -5 h
——(5x+ +

25(5x 2) c
In(x+1)+¢,x>-1 k
3In(5-x)+c¢,x<5 n
—%cos(Zx—3)—x2+c b
10tan(0.1x-5) - 2x+c¢ €

x+In(x+1)-4In(x+2)+c¢

© 2019
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L (xy, 1
= |+3 +
e 3s1n(3) 3cos(3x) c
1 2x X
g 5 +2¢ +x+c
i %tan(3x)—2logex+2eX/2+c,x>0
k %e2x+3+c
m sin(x —T) + ¢
o Z(ex+2]+c
ex
1 7 1 5
—(3x+5)" + -=(2-
21(3X 5) +c C 5(2 x) +c¢

1 9 l(l _ )10+
—y7(7=3x07*e f 5772 te
Lo —axt+e i Lrzy2ae
4 2
1 3
ln(2x+1)+c,x>7§ 1 —2ln(3—2x)+c,x<§
7%1n(376x)+c,x<% o gln(3x+2)+c,x>—§
. 1 3.(1
6s1n(2+ —x)+ Sx+c C —sm(—x—2)+ In2x+1)+c¢
2 2 3
7%x+2 £ 2 1 2x7§
2In(2x+3) +2e +c 2x+3—§e +c
h 2x73ln(x+2)+%ln(2x+l)+c
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1

i - +In(2x+1)+c¢

2x+1
7 a fo) = 24+ 5y b fx) = 2In(4x—3)+2
C flx) = %sin(2x+3)+1 d fx) = 2x+%e—2x+l+%e

8 14 334
9 13.19ms ' or 1.19ms™!

10 2.66 cm

11 ZeX/Z—%sin(2x)—2

12 a p= a21b2’ q= aZin b %ezx(Zsin3x73cos3x)+c
1\8/3

13 a 0.25a b ax(3) " ~01575a
14 bo66g
15 a2 v b7323% c~25.24 litres

12

10.5
t
6 12 18 24

6am 12noon  6pm 12pm 6am

16 a b7000 cl.16day d 2 days

Exercise E.6.3

2
! 2 %(X2+1)3/2+c b §(x3+1)3/2+c c _%(4—x4)1'5+c

1
c

-— 4
d In(x3+1)+c e 18032 +9)3 f D e

3 4/3 .
g In(z2+4z-5)+c h —5@-H* e i esinx 4 ¢
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j In[e*+1]+c¢ k %sin5x+c 1 %(x+1)5/2—§(x+1)3/2+c
Looe 152410 )32 232 052 2 2y
2 a 10(2x 1) +6(2x 1)/ “+c¢ b 3(1 X) 5(1 X) 7(1 X) c
2 4
c g(x—1)5/2+§(x—1)3/2+c d etanx 4 e —1n(1—2x2)+c
\ 1 1 P _ —x
f 1_2x2+c g E(1nx) +c h In(1+e™)+c¢
i In(Inx) +¢
2In2 77
3 a 0 b —3 C lni
1 1
In2 - f 1
d n e 31n2 i
76 16 . 2 3/201 _ ~3/2
g s h 15 i 3(1+e) (1-¢ )
7478 3 nen? 1042
4 a 33 b 8(cosn -1) C =
d In4 e 1 f 421(35_6_1)
g 24 414 h NEW) i Jin3
1 2 31
5 a n b 2—§ﬁ [ 20
2
d 4-242 e In2 f 3
2 2 26
6 a —gﬁ b gﬁ c 3
d = e 25 £ 3+ 2In4




7 a Tan ' (x+3) +¢
d 3Sin_1()%l—)+c
g %(arcsinx)2 +c

8 a A=1B=-=2

9 a Tan 'k

10 2x=2In(Jx+1),2-2In2

3k2n
11 3
ma’
12 2
T
13 a 3
lSirrl(l)
d 2
()
g n—2Tan™ | 3
3
Exercise E.6.4
1 a w2 +x+3
d le +1lip 3
2 X 2
g :—ix3 +1
12,15
2 2x +x+2
3 $3835.03

4 9.5

NMiathematics: SIL:. Answers

2 y(2x—1

b —Ta (—)+
3 3

e 2si —1(2x—3) c

29

h 7%(arccosx)3 +c
T

bi 5 ii 2

-1(2
8Sin (3)

2/2-2-T1

2 2

2x—%x3+1 C
(x+2)3 f
h ox3+2x+3

—1(x—=2
C Sin (—)Jrc
NG
“1/+2
f %sin 1(%)+c
i —%(arcsinx)’2 +c
T
C E,ﬂi
T
¢ 4
£
8 /3 1.2 40
3J"_ 273
33 4 1 4
= +=x*+
Bl L
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251

3
5 3 T cm
6 292
5/3.23
7 7«/x_+ >
8 1,-8
9 P(x) = 25—5x+%x2

_ 20000 5 o1
10 N 201 ¢ +500,1>0

2 1 5
11 a y=*gx2+4x b y:€x3+‘—1x2+2x
12 y=2x3+x2+x)
- 33,4 13
13 f(x) o +10x 5
14 Vol ~ 43 202 cm?

15 110 cm?

Exercise E.6.5

1 a 1?5 b §3§ c 553 d -8
2 a ;—i b gﬁ—2 c -2 d 0
T
i 5 i k2 2
4 a e b 2(e2-e c 0 d 2e—e
e e?+4-¢2 f %(e—e5) g 24e-3
h 164 -t 15) i Le1_¢3)
4 2
6 a 3In2 b 2In5 ¢4 +4In3 d il
e %1n3 f 2In2 g % h 4ln2 -2 i In2
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8 a 1 b % C é d -2
2 2
2 3
T 3 1
1 N2 2
e D f 0 g 0 h )
i 0 j 2
31 741 S
9 a 5 b 5 < 045
353 76 16
e 332 5 f 1-1In2 g s h G
. 2 3/2 -3/2
i g(e +1)4(1-e )
21
10 ln(?)
11 sin2x + 2xcos2x; 0
12 a 2m—n b m+a-b C —3n d m(2a—b) e na?
13 a 01 4 0.1xe0-1% 5 10xe0-1¥ — 100e0-1% + ¢
bi 99 accidents ii N = 12¢+ 102911~ 100017 + 978
14 a 1612 subscribers b 46 220
15 b ~524 flies

Exercise E.6.6

. 2 . .
1 a 4 sq.units b %— $q.units c 4 sq.units
d 36 sq.units e é $q.units
2 a e sq.units b %(e4 -2-¢?) squnits ¢ 2(e+e 1 -2) sq.units
d 2(e2-2-e¢) sq.units
3 a ln(g) sq.units b 2In5 sq.units c 3In3 sq.units  d 0.5 sq.units
. n : 3, :
4 a 2 sq.units b 5 sq.units c FLa 2 -2 sq.units
d J2 sq. units e 443 sq.units
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6

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

12 sq. units

1
4(«/3 - §) sq.units.
In2 + 1.5 sq.units.
2 sq.units.
37

T3 5 units

0.5 sq. units

wico &

1 .
—2tan2x; ;In2 sq.units

9 .
a 5 $q. units
a 1 sq.unit
a xlnx-x+¢

14 .
3 $q- units

7

a 6 Sq. units

. 15 .
ai 7 Sq units
22 .
= sq. units
3
bi el+e-2 sq. units
b 3.05 sq. units
a 2y = 3ax—a3
a 1-e7! sq. units

units

ii

b 1 sq. unit c
b 3 sq. units
10 sq. units
b 1 sq. unit
9 .
b > 8q. units
8 $q. units
7 ST
ii 1 sq. unit iii
b L5 :
547 $q. units
b ¢! sq. units c

2(/6 - 42) sq. units

2In(2) sq. units

1_3—871—1—3_1 ~ 0.10066 Sq.
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Exercise E.11.1

1. 5.6 2. 3.423 3. -1.782 4. 5.36

5. 4.04 6. 0.648 7. 3.144 8. ~2.2991 x 10%®
9. ~7.190 10.  ~0.736 11. ~2.629 12. ~4.240

13.  ~5.084

Exercise E.11.2

2 2 (42 = _
1. a y=%+x+2 b y=Nx’+2x+1 C %—y—4=w
d y=\/e'zx((2x—1)e“+1) e y=0
% 87>
f r=4s +2\/; g }/:—; h A= L
3 3241442 3
2
i Slegy—y=" I )
4
ac 2
2. a = =0017,C(0)=0 b C=——t c 2.357
dr f ( ) 300 \/_
3. a d—C=/cC b C=e" c log,2
ar £
4. a a2 _585B 015 b No
dr 5
5. a d—V:k b V=kt+c
dr
_ _ - 5
6. a ¢’ cosydy=e [(1""‘2)‘# c %(sin}/—cos;/)=—e”(t2+2t+3)+c d 5

Exercise E.11.3
1. a k=o' b kr=c c =k + 2 d logg(/cx)=—e_y/"

e r=kt(x-2y) f X =2xy-yi=k
2. Vi +xt=5x 3. x? =}/(1+210ge}’)

8. V=X —XCosx 9. ' ==2x"log,x 10. y=x(2x-1)
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Exercise E.11.4

O i‘&_? “

A :’D = ro.
-Z A o
(TS S Y
aC
=. L. 2. .7
W e ‘n}a
oA \ | L
—> ;;V ;—8’\3 = >
3
Xw&.., vv:v‘L— \oswv\" L OO —\—3— = L A C
X o 3
\‘ 2
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ga.:-/l«_
Trrce s e T
LN
%OQ, %\’*‘2@’-%\3 ‘Q‘)L
— O‘L 2

R T T

——

- —-3X
> ?\ = 2 A Ca
W) {2otn
© M-\—-Qa = K IQ%M& s{:—.«.
Do Q/iw_ﬁ. A ae:r“' _ u_,qjm'
Jy S kb -

GX_ A P A &
o) = e

I\Ax\.n_ﬂave.ﬁh.. , \a%\ov‘\" i

=D

2% 20
: < \A = e OLAL.
AWK
- =N e > L
‘A - .\ < GA/x_
—_> T \ g R M \ L0
-2
% “
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. "Dua = T w o
N M
TG - e - e > o
3@ e &;3 A& z) = /wat*b

\ \

Do, DS 4 g o= )
L\MA‘LQAW‘.}L’ \oﬁ.\o.v,—\.% :
3G ) - (et =2

—_—D> 3 = - X
[ e -—-B 1&1&_\5 pl S

(o L?L. —\)
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Se (5o T v 3ot =L (5ot

Tubgpade bt s (na™ oL @aie
Oa~oll w&§=—q§', So, '

S N FEN O e

\ o .Oo’aL

e o = — -
lo(fo-£)  (§e-t°

(O ”L%“"A T QR

1Jde
TS

it
!
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A

-
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IW&'-"A/"QJL‘W \0\6 '\DQ.J‘\’S lu.r\tﬁ- ‘BNQ—S
\2\\% = ——‘ala.)a—-%ae.“a—o:\a + C
o X = f\alaaa —\ +c,e:\a

Gk ‘KQ—D:D‘ S0 - = —=l4+c == <=0,
Wa e -y
e L “z Q\a-—-\ .

@) iji_*_ 2';-»\?1 =/_£t__éﬂ ) \Xﬁvﬁs\‘ w >o.
3ok 2 (5 2
I.L‘K/S = ‘?—g = L =




VMiathematics: S1L, Azx '

A
= = Gy A
T,\«/L..@a/v&-n— ‘C.S.\o.v,{),‘:(. : xz\a -.-—c_e»,(ww +C

ool \2{&?3=\, o < = wrol.
Wea Weve -,J'».?s = _.usv;(w) AT 2..-\
i u’?b”)
ov = .“:_ — ___-————.’L_‘__ .

® g (D) =AD& -G
N O Rt S BV S
We verosmse USSR PR ¥ S WV
4 I+ Ty - A
- T (=) - 46

D\’V&”%VQ‘A"‘ \9%\»{‘\‘ 1 PR Cﬁ”(’fv\a =“‘l):®3@%:>
+c

ol = ZWQVB“& = ‘ac,——cenan)-

Mo& ‘gb = < = L = \x .
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TW&LGXV&)L- \oswv": A

(\-\n\,\\a = M+ 7_;1.\._@
S g %(\3:%—{_,%@ c. —.:9,“,-):\-----\.._.-%-~ = —\,
/rLJLw -2 \,\MQ. ) Q-\.ﬁpj\a = W + }5 -\.

= < O Q D 1, odx g
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T - <
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NM INL VN ﬁ:& - b - ﬁ = 90 3
) %\ o - “Lb'a*‘as 2 J‘O \6*',?: "@
Q‘@: —_—  — - -
L c«'va =7 0 ~ :?t

%@ Q_’&__*"‘ _— 2 w = 2
= 3 d
- ~3p Sy —y "
Nw L(\*X)!st ° = ‘5
y> 9 3 =g
— Oku.. - _ -
=5 :Ca — ZL~b e w = Q—a
+ 3 _-kbl
-
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=> 1o L (s - -t «c

M t-0, = =<0 co o = ldu(sd)
oo D () = lolu(ze) =t
o Ly = AeleD -

"%o ﬂ,wcaoﬁ
) = = Ko< .
s
. S low -S
W) 6=\ B T = \0 - T =
Lv ’ Lt \e \o

='>g_-———-‘c’ A e - %"UC
oo =S ot

—:—B«lon.w(\eo-‘a) = % +
(pf'" 'k o0, 9 = o , 26 C. = _—\owaQ:ch
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@Q?) V—\Mu—w‘\ dg' ‘5@}* W = \o o k%/{\n—\w
\Q.A‘..emj Gg ‘5&/Q/'\' O\P;k- = .___l_.i_ﬁ-—-—- \L%/( Y-t

‘oo 42T
60 &_ - B los
“L‘b o \O‘b-’r)-t
® ew-o. 25 les
OL't lowal
A dk
=2 g% ﬁ& = —\o %\eo—\—)—'\:

— ,QMQ,‘) = ——S’VQ»QOO-\*’:E> r<
‘b:—c;, 2=%0 k6 So C = QwL%"%"‘" §’Q""Q°‘Q

Do “Q-W LSB = — g/QW Qeo—k-a.:tv - va?O + S'«QuQecsB
(o) fge ashefes

= S = e . e . e

-5 +S
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1. Quartic - short dots, quintic long dots.
2. 1 =P (01)= 1-01+012=01>+01*=01° = 90909 The error is 0.000000909...
11
Exercise E.11.6
x2 x4 xﬁ 1 x2 .7(3 x4
= =1-2 42 24, = =ttt
Loa Slw)=cos(w)=1-Zp+2r=T b =S
xZ 3
c f(x)=10g3(1+x)=x—7+——...
P S ¥ X
= =l-"—H+———+—— x)=log,(1-x)=x——-—-
2 a Sf(x)=e"=1 T +2! 3!+4! b f(x)=log (1-x) > 3
X 2x
4. tan(x)=x+—+"—
3 5
5 24" a |x|<3 b
: 23n+l
n=0
Exercise E.11.7
2 (x)=2-¢" b (x)_1+x_x_2+x_3_x_4
- Eeme 7 23 4
c o polynomial is red.

04

approx. - red
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3 4
3. a y(x)=—1+2¢>" b p(x)=1+4x+4x2+8i+4§
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Exercise A.3.1
1 Simplify the following.
3\2 6 n+2 4n*t2_ 16
e (zi) X QL f 3 9 g 1
4y2 8x*4 3
. 1)\4 b2
(@)%
2 Simplify the following.
(xy)s ¢ 27n+2
64x° 6" 2
3 Simplify the following.
2Ny 42n+1 22n+1y 4—n x4n+1
21-n (zn)3 g (xn+1)(n—1) h
(3H(3**H(32)
(39)?
5 Simplify the following, leaving your answer in positive power form.
(=2)3x 273 ¢ (—a)3xa3
(x—l)Z X x2 (b—l)—Zb—3
6 Simplify the following.
e (x-1)73 £ p(x )2+ 3!
(r+ D 2-1)2 x+y
7 Simplify the following.
a sntl_gn=1_px5n-2 b A Vxa¥ixat c
1
m+n\m n—m\m-—n -2 -2
i (&%) oo R f I
a a pl-q! 1+ a2
2nt4_2(2m)
2(2n + 3) h an a«/t_l
8 Simplify the following.
/\/)_CX%\/X_Z b pntlygqg2n—1 2"-6"
: i (20)2(ab) "+ 1 c 1-3"
gm+1_m 52n+1425m
d Tn_ontz e 52n 4 5l+n

2
x4n +n

(xn+ 1)(n—1)

1 2
a?b3 oL
ab™! ab

1

1
1-a?
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Exercise A.3.2

1. Solve the following equations.

g {x[ 3274 =1}
h {x| 42**1 =128}

i {x| 27¥ =3}
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Exercise A.3.3

1

Use the definition of a logarithm to determine the following.
g log,1 h logp1 i log2 j log,9
2 3

k log ;+/3 1 log,,0.01

Change the following logarithmic expression into its equivalent exponential form.

f log,(ax—b) =y

Solve for x in each of the following.

g log,16 = 2 h log 81 = 2

i log (l) =3 j log,(x—5) = 4
x\3 2

k log,81 = x+1 1 logs(x—4) = 2

Solve for x in each of the following, giving your answer to 4 d.p.

g log (x+2) = 4 h log (x—2) =1 i log.e = -2
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Exercise A.3.4
1 Without using a calculator, evaluate the following.
e log 20 —log,5 f log,10 — log,5
2 Write down an expression for loga in terms of logh and logc for the following.
b2
= p3cd a=—
e a = b’c f Je
4 Express each of the following as an equation that does not involve a logarithm.
d log,x = y+1 e log,y = %logzx f 3log,(x+ 1) = 2log,y
5 Solve the following equations.

d logo(x + 3) —logox = logox +log,,2
e logg(x2 + 1) = 2logpx = 1
f log,(3x% +28) —log,(3x—2) = 1

g log g(x2 +1) = 1+log,o(x—2)

h log,(x+3) = 1—log,(x—2)
i log6(x+5)+log6x =2
j log3(x—2)+log3(x—4) =2

k logzxflogz(xfl) = 3log,4

1 logo(x +2) —log,,x = 2log 4

6 Simplify the following

c Zlogax+3loga(x+ 1) d Slogdx—%loga(Zx—3)+3loga(x+ 1)
€ log px3 + %logx3y6 —5log,x f 2log yx — 4log G) —3logxy
2

7 Solve the following
d logx +logs(x—8) = 2
e log,x +log,x® = 4

f log3ﬁ+3log3x =7
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10

11

12

13

14

Solve for x.
c logx? = (logx)* d logsx® = (loggx)®

e Investigate the solution to log,x" = (log,x)".

Solve the following, giving an exact answer and an answer to 2 d.p.

e 34l =10 f 081 =04 g 1072 = 2
hoo 270 =9 i 022% =20 ] 2 _;
1+0.4%
2x _ X 1

k - 3 1 3 = =

1-2% 3¥+3 3
Solve for x.
c logo(x2—3x+6) = 1 d (log,ox)% —11log ;x +10 = 0
e log,(3x2+10x) = 3 f l0g, 4 ,(3x2+ 4x—14) = 2

Solve the following simultaneous equations.
xy =2
210g2x— log,y = 2

Express each of the following as an equation that does not involve a logarithm.

c Inx = y-1

Solve the following for x.

c loge(x+1)+logex =0 d 1oge(x+l)—loggx =0

Solve the following for x.

2
c —5+e* =2 d 200e72% = 50 e — =3
1—e™
—=X
f 70e 2 +15 =60 g Inx = 3 h 2In(3x) = 4
i In(x2) =9 j Inx—In(x+2) = 3 k InJx+4=1 | In(x3) =9
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15  Solve the following for x.

c > —5e*+6 e2X—_2eX+1 =0

Il
=)
o

e2¥—-9¢¥—10 = 0

Il
)
-

e e2X _6eX+5

16  Solve each of the following.

a & =13 b R

c 37 7 x3tra =0 d 27 gx2* T les =

e 3x4¥T!l axa"Tris5-0 £ 373" g =0

g 2logx +log4 = log(9x—2) h 2log2x—log4 = log(2x—1)

1 log32x+ 10g381 =9 _] 10g2x+ logxz =2
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Exercise B.2.1
3 All of the following functions are mappings of R=R unless otherwise stated.
a Determine the composite functions (fog)(x) and (gof)(x), if they exist.

b For the composite functions in part a that do exist, find their range.

viii  f(x) = x—4,g(x) = |x

ix fx) = x3=2,g(x) = [x+2| X flx) = J4—x,x<4,g(x) = x2
i 0= gprale =8 xii ) = 2+x+1,g(x) = Ixl
i S0 = 2%8(x) = x? xiv  flx) = )ﬁ,xi—l,gm =x-1

2
XV fix) = ﬁ,x> 1,g(x) = x*+1 xvi fix) = 4%, g(x) = Jx

x2+4,x>1

4—x, x<1

13 Find (hof)(x), given that h(x) = { and fixx—1,xe R.
Sketch the graph of (#of)(x) and use it to find its range.
14 a Given three functions, f, g and h, when would #0gof exist?
b If fixex+1,xe R, gx=x2,xeR and h:xo4x, x e R, find (hogof)(x) .
15  Given the functions f{x) = ¢**~! and g(x) = %(lnx +1) find, where they exist:
a (fog) b (gof) ¢ (fof)
In each case find the range of the composite function.
16 Given that A(x) = log 10(4x 1), x> }L and k(x) = 4x - 1, x € ]-oo,00, find, where they exist
a (hok) b (koh) .
17  Given the functions f(x) = m, xe S and g(x) = |x| -3, x e T, find the largest positive subsets of R so that:
a gof exists b fog exists.
18  For each of the following functions:
a determine if fog exists and sketch the graph of fog when it exists.

b determine if gof exists and sketch the graph of gof when it exists.

i Sl\y ii Slly
4 - y|=lg(x) 4 .
; ; y]= f)
2 : 2
1 \ [y [=ln ] y = g(x)
T T
oV 1 234367 | |x 00 1 234356789 x

19 Given the functions f/:S — Rwhere f{x) = ¢**1 and g:S —Rwhere g(x) = In2x where S = ]0, oo|.

a State the domain and range of both fand g.
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b Giving reasons, show that &0/ exists but fog does not exist.
c Fully define & of , sketch its graph and state its range.

20 The functions fand g are given by f{x) = { x—1 ifx21  and g(x) = x2+1 .
x—1 if0o<x<1

a Show that fog is defined. b Find (fog)(x) and determine its range.

21 Let f ‘R'-R" where flx) = X

L x>1
A/.;’
a Sketch the graph of f.
b Define the composition fof', justifying its existence.

c Sketch the graph of fof, giving its range.
22 Consider the functions f: ]1,00[ — R where f(x) = +x and g :R\{0} — R where g(x) = x2.
a Sketch the graphs of fand g on the same set of axes.
b Prove that gof exists and find its rule.
c Prove that fog cannot exist.

d If a new function g": S — Rwhere g*(x) = g(x) is now defined, find the largest positive subset of R so that
fog” does exist. Find fog", sketch its graph and determine its range.

ax—b

cxX—a

23 Given that f(x) = , show that fof exists and find its rule.

24 aSketch the graphs of f(x) = C—lzx2 and g(x) = ~2a?—x? wherea > 0.

b Show that fog exists, find its rule and state its domain.
c Let S be the largest subset of R so that gof exists.
i FindS.

ii Fully define gof, sketch its graph and find its range.
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Exercise B.2.2

5 Sketch the inverse of the following functions.

e f

18  Consider the functions fand g

Al\ a Does gof exist? Justify your answer.
1Y
j 7y = A% b Does (gof)! exist? Justify your answer.
3 If it does exist, sketch the graph of (go/)~!.
: =
1
— h —
0 23 45 67 x

19  aOn the same set of axes, sketch the graph of f(x) = —x* and its inverse, /" 1(x) .

2x+ 1, x<-1

b The function g is given by g(x) = X3, —1<x<1 -
. 2x—1, x>1

i Sketch the graph of g.

ii Fully define its inverse, g1, stating why it exists.

iii  Sketch the graph of g7!.
iv. Find {x:g(x) =g 1(x)}.

20  Consider the functions #(x) = €* and m(x) = Jx.

a Find, where they exist, the composite functions: i (tom)(x) ii. (mof)(x)

b With justification, find and sketch the graphs of: i (tom)~1(x) ii (mor)~1(x)
¢ Find: i tom™!(x) ii mlot1(x)

d What conclusion(s) can you make from your results of parts b and ¢?

e Will your results of part d work for any two functions / and g ? Explain.
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21

b

22

ii

iii

aFind {x:x?+x-2=0}.

If flx) = % —2, sketch the graph of y = f(x) and find {x : f(x) =f1(x)},
Consider the functions f(x) = |x|,xe A and g(x) = e*-2,xe B,

Sketch the graphs of: i fifA=R ii gif B =R.
With A and B as given in part a, give reasons why (fog)~! will not exist.

i Find the largest set B which includes positive values, so that (fog)~! exists.

Fully define (fog)™!.

On the same set of axes, sketch the graphs of (fog)(x) and (fog)1(x).
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Exercise B.4.5

2—x

6. Consider the function f(x) = .
2+x

ai  Find the coordinates of the intercepts with the axes.
ii Determine the equations of the asymptotes of f.

ili ~ Hence, sketch the graph of f.

iv Determine the domain and range of f.

b Find f~ I the inverse function of f.

b Deduce the graph of (f{x))2.

in the form A4 + 5 , where A and B are integers.

7. Express _3 3
a Hence, state the equations of the vertical and horizontal asymptotes of the function f(x) = 8x— 35 .
b Sketch the graph of f(x) = Eix_—35 and use it to determine its range.
_ 1 1 . . .
8. On different sets of axes, sketch the graphs of f(x) = 2+ < and g(x) = % , stating their domains and ranges.

9. Sketch the graphs of the following functions, clearly labelling all asymptotes.
1 1
a f(x)=2x+)lc,x¢0 b g(x)=§x+;5,x¢0

1
c g(x)=—x+i,x¢0 d f(x)=xf)—c,x¢0

10.  Sketch the graphs of the following functions, clearly labelling all asymptotes.
a h(x)=x2+)%,x¢0 b f(x)=x2+;1§,x¢0

1 3,3
= x— — = + =
c g(x) =x 2 x#0 d flx) =x ot xz0

11.  Sketch the graphs of the following functions, clearly labelling all asymptotes.

a f(x):x+3+§,x¢0 b f(x)=fx+)lc+2,x¢0
2 _
¢ g = 2x+Lo2x20 d fle) = 222 s
X

12.  aFor the function f(x) = 3 + ﬁ —-x:
i determine all axial intercepts and the coordinates of its stationary points.
ii write down the equation of all the asymptotes.

b Sketch the graph of y = flx) clearly labelling all the information from part a.

2ox-1 2)2(x -1
13.  Sketch the graphs of: a Sx) = %’xiz . b gx) = %,”&0.
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14.  Sketch the graphs of the following functions.

2x-3 x2+ 2x _xt+1
X = — =
15.  Sketch the graph of f(x) = %11 , clearly identifying all asymptotes and turning points.
e
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Exercise E.6.2

9.

10.

11.

12.

13

14.

The acceleration, in m/s* of a body in a medium is given by dg‘f = t_%T’ t 2 0. The particle has an initial speed of 6 m/s,
find the speed (to 2 d.p) after 10 seconds.

The rate of change of the water level in an empty container, t seconds after it started to be filled from a tap is given by

the relation: i
i 0.23/1+8,120

>

where h cm is the water level. Find the water level after 6 seconds.

The gradient function of the curve ¥ = f(x) is given by e*->*— cos(2x) . Find the equation of the function, given that
it passes through the origin.

a Given that C%—C (e**(psinbx + gcosbx)) = e**sinbx, express p and g in terms of a and b.
bHence find Jezx sin3xdx .

The rate of change of the charge, Q, in coulombs, retained by a capacitor t minutes after charging, is given by
i —ake k.

Using the graph shown, determine the charge remaining after

a one hour
b 80 minutes
O (coulombs)

—

t (minutes)

a Show that i(xln(x +k)) = N In(x + k) , where k is a real number.
dx x+k

b For a particular type of commercial fish, it is thought that a length—weight relationship exists such that their rate
of change of weight, w kg, with respect to their length, x m, is modelled by the equation:

AW _ 02in(x+2) .
dx
Given that a fish in this group averages a weight of 650 gm when it is 20 cm long, find the weight of a fish

measuring 30 cm.
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15.  The rate of flow of water, v litres/hour , pumped into a hot water system over a 24-hour period from 6:00 am, is
modelled by the relation:

dv 3. =

—_— = - pg >

7 12+Zcos3t,t_0.
dv .

a Sketch the graph of T against f.

b For what percentage of the time will the rate of flow exceed 11 litres/hour.

c How much water has been pumped into the hot water system by 8:00 a.m.?

16.  The rates of change of the population size of two types of insect pests over a 4-day cycle, where ¢ is measured in days,
has been modelled by the equations:

flﬁ = 2mcosTt, >0 and ‘% = %eO‘ZS’, £>0
where A and B represent the number of each type of pest in thousands.

Initially there were 5000 insects of type A and 3000 insects of type B.

a On the same set of axes sketch the graphs, AW and BO foro<r<a.

b What is the maximum number of insects of type A that will occur?

c When will there first be equal numbers of insects of both types?

d For how long will the number of type B insects exceed the number of type A insects during the four days?
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Exercise E.6.4

11.

12.

13.

14.

15.

Sketch the graph of y = f(x) for each of the following:

a b
dy dy
dx
(0,4)
X
(5,

Where the curve passes Where the CUIve passes
through the point (5, 10). through the point (0, 0).

Find f(x) given that /"(x) = 12x+4 and that the gradient at the point (1, 6) is 12.

Find f(x) given that f'(x) = ax?+ b, where the gradient at the point (1, 2) is 4, and that the curve passes through the
point (3, 4).

The rate at which a balloon is expanding is given by

14

— = ki*3,120,

dt
where ¢ is the time in minutes since the balloon started to be inflated and V cm?® is its volume. Initially the balloon
(which may be assumed to be spherical) has a radius of 5 cm. If the balloon has a volume of 800 cm’ after 2 minutes,

find its volume after 5 minutes.

The area, A cm?, of a healing wound caused by a fall on a particular surface decreases at a rate given by the equation:
A = -2
NG

where t is the time in days. Find the initial area of such a wound if after one day the area measures 40 cm>.
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Exercise E.6.5

6. Evaluate the following definite integrals (giving exact values).
1 4 4
2 22 2x+1
—Z | ; ——d
g J(x+l)3dx h I([ J;C) ! -[2x2—3x—2 ’
0 2 3
8. Evaluate the following definite integrals (giving exact values).
T T &
e J N (x — secZx)dx f J 2 2¢cos (4x + T_E)dx g J. (sin@) + 2cos (x))dx
0 0 2 —T
k3 T
h J secz(7—t - 2x)dx i J.cos(2x +m)dx
0 4 0

13. a Find a;ix(xeo.lx) . Hence, find Ixeo'lxdx.

b Following an advertising initiative by the Traffic Authorities, preliminary results predict that the number of
alcohol-related traffic accidents has been decreasing at a rate of — 12 — te%!* accidents per month, where ¢ is the
time in months since the advertising campaign started.

i How many accidents were there over the first six months of the campaign?

ii In the year prior to the advertising campaign there were 878 alcohol-related traffic accidents. Find an expression
for the total number of accidents since the start of the previous year, t months after the campaign started.

2000
14.  The rate of cable television subscribers in a city  years from 1995 has been modelled by the equation (1+041)3

a How many subscribers were there between 1998 and 2002?

b If there were initially 40 000 subscribers, find the number of subscribers by 2010.

15.

. d 800
a Find i\ T 220 0021 24 002

b The rate at which the number of fruit flies appear when placed in an environment with limited food supply in an
experiment was found to be approximated by the exponential model:

3847002
(1+ 246—0.02t)2’ -

>

where t is the number of days since the experiment started. What was the increase in the number of flies after 200 days?
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Exercise E.6.6

20.  Find the area of the region bounded by the curves with equations y = +/x, y = 6 - x and the x-axis.

21. a Sketch the graph of the function f(x) = lex —1].
b Find the area of the region enclosed by the curve y = f(x),
i the x-axis and the linesx=-1and x = 1.
ii the y-axis and theliney=e- 1.

iii and the line y = 1. Discuss your findings for this case.

22. a On the same set of axes, sketch the graphs of f{x) = sin(%x) and g(x) = sin2x over the interval 0 < x < .

b Find the area of the region between by the curves y = f(x) and y = g(x) over the interval 0 < x <, giving your
answer correct to two decimal places.

23.  Consider the curve with equation y2 = x3 as shown in the diagram.
A tangent meets the curve at the point A (a2, a3).
a Find the equation of the tangent at A.

b Find the area of the shaded region enclosed by the curve, the line y = 0 and the
tangent.

24.  a On a set of axes, sketch the graph of the curve y = ¢*~! and find the area of the region enclosed by the curve, the
x-axis and the lines x = 10 andx=1.

b Hence evaluate J (Inx + 1)dx.

e !

c Find the area of the region enclosed by the curves y = e*~! and y = Inx+ 1 overthe e ' <x<1.
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Exercise E.11.1

8. Use Euler’s method, with a step size of 0.5, to calculate an approximate value for y(4) for

the solution of Z—y = (x+y—1)? given that the curve passes through the point (0, 2).
X

9. Use Euler’s method, with a step size of 0.1, to calculate an approximate value for y(1) for

the solution of Z—y = x? + y? given that the curve passes through the point (0, 1).
X

10. Given the 1nitial-value problem, Z—y = y—y%,y(0) = 0.5, find an approximate value of

- =
v(1) using Euler’s method with step size 7 =0.2.
dy

11. Given the initial-value problem, i y2,y(0) = 0.5, find an approximate value of

v(1) using Euler’s method with step size 7 =0.2.

12. Use Euler’s method, with a step size of 0.1, to calculate an approximate value for y(2.6)

given that % = 3x -2y + 1 and that the curve passes through the point (2, 5).

13. (a)  Sketch the slope field along with the solution curve to the initial-value problem,

dy _ 2 -
dx_x+y ,9(0) = 1.

(b)  Using Euler’s method with step size /1 = 0.2, calculate an approximate value of

¥(1).
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Exercise B.4.6

7.

10.

11.

12.

13.

14.

15.

On the same set of axes, sketch the graphs of f(x) = 5X 5™ and g(x) = 5*—4.
Find: i {(x, ) 1 flx) = g(x)} ii {x:f(x)>g(x)}.
Find the range of the following functions.

a £f:10,00[ PR, where f(x) = eV + 2.

b gx)=-2xe+1,x€ ]-00,0].

c xpxe*+1,xe [-1,1]

a Sketch the graph of f(x) = [2% — 1/, clearly labelling all intercepts with the axes and the equation of the asymptote.
b Solve for x, where [2¥— 1] = 3.

Sketch the graphs of the following functions:

a S =-201 b =42 )= 1-[29

Sketch the graphs of the following functions.

a  flx)y=1-27M g(x) = —4+2K h(x) = |37 = 3]

Sketch the graphs of the following functions and find their range.

f(x)z{zx’ i<l ) f(x)={3—e’2 x>0

a 3, x>1 x+3, x<0

2 s 4-3h —1<x<i
Sflx) = x+ 1 glx) = 1
47§|x|, 1<|x[<12

Sketch the graphs of the following, and hence state the range in each case.

X

f: RoRY = 2x+6) b fi ReRY = 3"+G)x

-y

1)\x
/i ReRY = 2x—(§) d f: ReRYy=

Sketch the graph of the functions.

a g(x) =206-9) >0 b h(x) =2¥—a,0<a<1
c flx) = 2xa*-2a,a>1 d fix) = 2xa*-2a,0<a<1
e g(x) =a-a‘a>1 f h(x) = —a+a™*a>1

a On the same set of axes, sketch flx) = 2xa* and g(x) = 4 xa™ wherea > 1.
Hence, sketch the graph of the function A(x) = ¢*+2a™, wherea > 1.
b On the same set of axes, sketch f(x) = x—a and &x) = a*"! wherea > 1.

Hence, deduce the graph of 4(x) = (x—a)xa**!, where a > 1.

© 2019
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16.  Sketch the graph of the following functions and determine their range.

a fx) =a~,a>1 b fx) =a*,0<a<1
¢ glx) = (a-1)%a>1 d h(x) = 2—a R a>1
e flx) = a"—l’a>1 f glx) = |a"2—a|,a>1
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Exercise B.4.7
6. Given the function y = f(x) , sketch the graphs of:
a y=1ll b y = fUlxl)
¢ W) =log(v)  d fix) = n(2-e)p
e fix) =2-In(ex—1) f f(x) = logy(x2—2x)
7. a On the same set of axes, sketch the graphs of f(x) = Inx—1 and g(x) = In(x-e),
b Find {x: Inx>In(x—e)+1}.

8. Sketch the graphs of the following functions and find their ranges.

>1 2_ >
a flx) = { logox,  x b fix) = logy(x2-1), |x|>1
1-x, x<l1 17x2’ |x|<1
B 2—1II)C, x=2e 1+A/m, > 1
¢ e = x_z’ x<e d glx) = [log,x| +1, O0<x<1
¢ 1 x<0

9. Sketch the graphs of the following functions.

a Sx) = loglx b f(x) = log,(x—2) C Sx) = IOglx +1
2 5 3

10.  Sketch the graph of the following functions, clearly stating domains and labelling asymptotes.

a flx) = 2log (x—a),a>1 b f(x) = —In(ax—e),a>e
c g(x) = |log;((10—ax)|, 1 <a<10 d g(x) = Inlx—ael,a>1
e g(x) = |In|x—aell,a>1 f h(x) = 1oga(1—§),o<a<1

11.  Sketch the graph of f(x) = éloga(ax —-1),0<a<1 (learly labelling its asymptote, and intercept(s) with the axes.

Hence, find {x Sflx) > }1} .

Inx

12.  Sketch the graph of: a fx) = == x>0 b g(x) = l—z—x x>0

Given that f(x)<e™! for all real x > 0, state the range of g(x) .
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Exercise C.4.1

1. Find the areas and perimeters of the following sectors.
Radius Angle
h 8.6 cm %n
i 6.2 cm %t
j 76 m HTR
k 12 cm 30°
1 14 m 60°
m 2.8 cm 120°
n 24.8 cm 270°
o 1.2 cm 15°
8..  The diagram shows a running track. The perimeter of the inside line is 400 metres and the length of each straight section

is 100 metres.

HSINIA
JIAVLS

a Find the radius of each of the semicircular parts of the inner track.
b If the width of the lane shown is 1 metre, find the perimeter of the outer boundary of the lane.

A second lane is added on the outside of the track. The starting positions of runners who have to run (anticlockwise) in
the two lanes are shown.

c Find the value of angle A° (to the nearest degree) if both runners are to run 400 metres.

9. Find the angle subtended by at the centre of radius length 12 cm which forms a sector of area 80 sq. cm.

10.  Find the angle subtended by an arc of a circle of radius length 10 cm which forms a sector of area 75 sq. cm.

© 2019
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11.

12.

13..

14.

15.

16.

17.

A chord of length 32 cm is drawn in a circle of radius 20 cm.

a Find the angle it subtends at the centre.
b Find: i the minor arc length ii the major arc length.
c Find the area of the minor sector.

Two circles of radii 6 cm and 8 cm have their centres 10 cm apart. Find the area common to both circles.

Two pulleys of radii 16 cm and 20 cm have their centres 40 cm apart. Find the length of the piece of string that will be
required to pass tightly round the circles if the string does not cross over.

Two pulleys of radii 7 cm and 11 cm have their centres 24 cm apart. Find the length of the piece of string that will be
required to pass tightly round the circles if:

a the string cannot cross over.
b the string crosses over itself.

A sector of a circle has a radius of 15 cm and an angle of 216°. The sector is folded in such a way that it forms a cone, so
that the two straight edges of the sector do not overlap.

a Find the base radius of the cone.

b Find the vertical height of the cone.

c Find the semi-vertical angle of the cone.

A taut belt passes over two discs of radii 4 cm and 12 cm as shown in the diagram.
a If the total length of the belt is 88 cm, show that 1 = (5.5 -7 —a)tana;

b On the same set of axes, sketch the graphs of:
1

i Y tano

i y=s55-1-a-
c Hence find {@: 1 = (5.5 - —0)tan0} | giving your answer to two d.p.

The diagram shows a disc of radius 40 cm with parts of it painted. The smaller circle (having the same centre as the disc)
has a radius of 10 cm. What area of the disc has not been painted in blue?
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Exercise C.5.1

1
7. Find the coordinates of the point P on the following unit circles.
a b c d

8. Find the exact value of:
a sinllTncos%r - sin%E cosllT7t b 25ingcosg

b8 b8
tan- — tan—
3 6

C _— d cosZcost + sinZsin X
1+ tanStan ™ 43 43
376
9. Show that the following relationships are true.
a sin20 = 2sinBcosO , where 6 = g b c0s20 = 2c0s20 — 1, where 6 = Tg
c tan20 = m,where = 2n d sin(0—¢) = sinBcosd — sinpcosO , where 6 = n and ¢ = I
1 —tan20 3 3 3

10.  Given that sin® = % and 0<0< g , find:

a sin(m +0) b sin(2w—0) c cos(g+9)

2 bl
a cos(m—0) b secO ¢ sin(12—t - e)

11.  Given that cos6 = % and 0<0<Z find:

12.  Given that tan® = k and 0<6 < g , find:
a tan(m + 0) b tan(g—E + 6) C tan(—0)

13.  Given that sin® = % and 0<0< g , find:
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a cos® b sec6 ¢ cos(m+ 0)

14.  Given that cos® = —g and T<0< 37n , find:

a sin® b tan® ¢ cos(m+ 0)
. 4 T

15.  Given that tan® = 3 and 7 < 0<m, find:

a sin© b tan (g + O) C secH

16.  Given that cos® = k£ and 37% <0<2m, find:

a cos(m—0) b sin® c cot®
0 = ik n<O< 3775
17.  Given that ¥ = =% and ,
find:
coscc(7—t + 6)
a cos0 b tand 2
18.  Simplify the following.
sin(mt — 0 cos(’—t+e) i (E+ ) (7_5_ ) ; (7_5_ )
( ) 7 sin| 3 Gcosze s1n26
a sin(7 + 0) in20 ¢ cos®
d tan(mt+0)cotd e cos(2m —0)cosecO f _sech
cosecH
19. If 0<0<2m, find all values of x such that:
a sinx = 123 b cosx = % I tanx = ﬁ
d cosx = ——“/—3 e tanx = _L f sinx = _1
2 ﬁ 2
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Exercise C.5.2

6. Prove sin2x(1 + ncot?x) + cos2x(1 + ntanZx) = sin2x(n + cot?x) + cos2x(n + tan2x) .
_ _ mk
7. If ksecd = mtand, prove that secdtand = —-
m?— k2
= 2 2 - 2 2 x—k _y-1I
8. If x = ksec”¢ +mtan“¢ and y = Isec=¢ + ntan“¢, prove that —
k+m I+n
. 2a B .
9. Given that tan® = T 0<06< > find: a sin® b cos0
a2
10. alf sinx+ cosx = 1, find the values of: i sinx + cos3x i sin*x + cos#x
b Hence, deduce the value of sin‘x + coskx , where k is a positive integer.
_ 1 T .
11. Iftan¢ = ___ZA/:’ 5 <0<, find, in terms of x,
xc—1
a sing + cosd b sind — cosd c sint¢ — cos*d
12.  Find: a the maximum value of b the minimum value of
i cos?0 +5 ii — iii 2c0s20 + sin® — 1
3sin20+2
13.  aGiven that bsing = 1 and bcos¢ = NE) ,find b.
b Hence, find all values of ¢ that satisfy the relationship described in part a.
14.  Find: a the maximum value of b the minimum value of
i 53sin6 -1 ii 31—2cos6
15.  Given that sinfcos® = k, find: a (sin®+ cosB)?, sin®+ cos® >0,

b sin3@ + cos30 | sinB+ cos8>0p
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16.  aGiven that sin¢ = }%Z 0<¢ <%, find tano.

b Given that sin¢p = 1 —a, §< o <m,find : i 2—cosd ii cotd
17.  Find:

a the value(s) of cosx, where cotx = 4(cosecx — tanx), 0<x<T.

b the values of sinx, where 3cosx = 2+ ﬁ, 0<x<2m,

18.  Given that sin2x = 2sinxcosx, find all values of x, such that 2sin2x = tanx, 0 <x<T.
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Extra Examples

We start by drawing two right-angled triangles satisfying the given conditions:

5 cosO = ‘51 sing = %
3 13
5
0 _3 M _ s
4 tan® = 2 2 tang = D

sin(B+ ¢) = sinBcosd + sinhpcosO

However, we cannot simply substitute the above ratios into this expression as we now need to consider the sign of the ratios.

T _4 <p<3F ing = —>
AsOSGSzthencose gandasn_(I)_2 then sin¢ 3

. 3 12 5 _4 56
Therefore, + =Zx_f4_ 2 xwI=_2
erefore, sin(0+ ¢) 5>< 1 1 ><5

cos(0+ ) = cosOcosd— sinBsind

1_'E :‘_1 < <3_TE 1 :_i
Asoseszthencose 5andasﬂ—q)—2 then sin¢ 3

[herefore, + = oX 2= Ix-—— = =
erefore, cos(0 + ¢) 3 X 373 X 3 s

We start by drawing the relevant right-angled triangle: 97 J 2
345
a  sin20 = 2sinBcosd = 2x%x-#
_ 1245
49

2 4
b c0s20 = 1—2sin%@ = 1—2><(—) =2
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1245
¢ an2g — SN20 _ 49 _ 125
cos26 41 41

49
|
a L.H.S = sin2otano + cos2a = 2sinocos o X zi)%c + (1 -2sina)

= 2sin?0 + 1 - 2sin’a =RHS

=1

b R.H.S = cotp —tanf = cosp _ sinf

sinf  cosP

_ cos?B —sin’B
sinfcosf
_ cos2f

%sinZB

_ 200s2[§

sin2f
= 2cot2f

=L.H.S

|
Notice that, when proving identities, when all else fails, then express everything in terms of sine and cosine. This will always
lead to the desired result — even though sometimes the working seems like it will only grow and grow - eventually, it does

simplify. Be persistent.

To prove a given identity, any one of the following approaches can be used:

1. Start with the L.H.S and then show that L.H.S = R.H.S

2. Start with the R.H.S and then show that R.H.S = L.H.S

3. Show that L.H.S = p, show that RH.S=p = LH.S=R.H.S
4. Start with LH.S=R.H.S = LHS-RHS=0.

When using approaches 1 and 2, choose whichever side has more to work with.
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Sin2x = cosx < 2sinxcosx = COSX

270°=

I
=}

< 28inXcosx — cosx =

Il
=}

& cosx(2sinx— 1)

< cosx = 0 or sinx =

Now, cosx = 0,0<x<2n&<x =

’

NI
W =
b

and

5w

. T
sinx = -, 0<x<2n & x = g,?

NI—

. . . . 1
ﬁsm(e + E) = ﬁ[smecos’—t + cosGsm’—t] = ﬁ[sm@ X 1 + cosO x ——i|
4 4 4 NG 2

= sinO + cosO

In this instance, as the statement needs to be true for all values of 8, we will determine the values of R and @ by setting
Rcos(6+a)=cosO—sinb .

Now. Rcos(0+a) = R[cosOcosa — sinBsina] = RcosOcosor — RsinOsino

Therefore. we have that RcosOcoso— RsinOsino, = cosO — sin®

= RcosOcosa = cosO & Reoso = 1 (1)

= RsinBsino. = sin@ & Rsina = 1 )
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Rsino 1 T
= -Stano = 1.0 = =
Rcosa 1 an 4

Dividing (2) by (1) we have

Substituting into (1) we have Rcosg = 14:>R><—1— = 1R = 2.

2

Therefore, cos6 —sin@ = ﬁcos (9 + Z—:)

Then, as the maximum value of the cosine is 1, the maximum of N2 COS(G + :—D is /2.

Exercise C.5.3

1 + sinx + cosx

1
10.  Prove that: a T+ sinx—cosx cot5x b cosdx = 8cos*x —8cosZx + 1

1
Lap - 3.1 1 2tan=x
C sin*¢ A 8cos4q) 2cos2q) d sinx = 21
1+ tanzzx
11.For the right-angled triangle shown, prove that: B
////
C //// a
//// C
A b
. 2 2_,2
a sin2o = Lzb b cos2qa = b?—a
¢ c
1 c—b 1 ct+b
o= <=2 4 o = <8
c sin5 o e cos 50 P

12.  Find the exact value tan%c .

13.  Giventhat o+ +vy = m, prove that sin20 + sin2f + sin2y = 4sina.sinPsiny.

14.  Solve the following for 0 Sx <2m.

a sinx = sin2x b sinx = cos2x ¢ tan2x = 4tanx
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15.  aGiven that asin® + bcos@ = Rsin(6 + o) , express R and @ in terms of a and b.

b Find the maximum value of 5+ 4sin@ + 3cos6 .

16.  a Given that acosb + bsin® = Rcos(8 — o) , express R and @ in terms of a and b.

b Find the minimum value of 2+ 12¢cos0 + 5sin0 ,

17.  Prove that tan(g + %x) = secx + tanx .

18.  Show thatif ¢ = tan% then 2+2./3t = 1 Hence find the exact value of tanliti .
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Exercise C.6.1

7. Sketch graphs of the following functions for x-values in the interval [-27,27].
a y = sin(2x) b y = —cos(g)
T .

c y = 3tan(x—z) d y = ZSIH(X—%C)
e y = 1-2sin(2x) f y = —ZCos(x;n)

1 T T

= - = _ = + =

g y = 3tan _2(x+ 4)] 3 h y 3cos(x 4)
. 4. T1 27 . _
i y = 2sin —(x+—)]—1 j y = 3tan(2x + 1)

L3 3

x+ g 5
k y = 4sin 3 1 y = 2—sin(@)
m y = 2cos(mx) n y = 2sin[n(x+ 1)]

a i Sketch one cycle of the graph of the function f(x) = sinx .

. . 1
ii For what values of x is the function ¥ = —— not defined?

Sx)

iii Hence, sketch one cycle of the graph of the function g(x) = cosecx .
bi Sketch one cycle of the graph of the function f{x) = cosx .

ii For what values of x is the function y = not defined?

1
J(x)
iii ~ Hence, sketch one cycle of the graph of the function g(x) = secx,
ci Sketch one cycle of the graph of the function f(x) = tanx

ii For what values of x is the function y = not defined?

1
Jx)

iii Hence, sketch one cycle of graph of the function g(x) = cotx.
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Exercise C.7.1

6. Solve the following equations for the intervals indicated, giving exact answers:

e cos?x = 2cosx,-T<x<T

f sec2x = ﬁ,OSxSZn

g 2sin2x —3cosx = 2,0<x<2m
h sin2x = 3cosx,0<x<2m
7. Find:
a 3tan?x + tanx = 2, 0<x< 2w,
b tan3x + tan2x = 3tanx +3,0<x <27,

8. If0<x<2m, find:

a sin22x—i =0 b tanz(g)—?a =0 c cos2(mx) = 1

9. If0<x<2m, find:

a sec2x +2secx = 8 b secZx = 2tanx + 4

c cot2x — J3cotx = 0 d 6cosecZx = 8 + cotx
10. a Express A3sinx + cosx in the form Rsin(x + o).

b Solve J3sinx + cosx = 1,0<x<2m,
11. a Express sinx — J3cosx in the form Rsin(x + o) .

b Solve sinx— +3cosx = —1,0<x<2m,

12. Findxistin(x-i—§)+2sin(x—§) = .3,0<x<2m.

13. a Sketch the graph of f(x) = sinx,0<x<4m .

b Hence, find: i {x|sinx>%}ﬁ{x|0 <x<4m},

ii {x|Bsinx<-1} N {x|0<x<4n}.
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Exercise C.7.2

14.

15.

16.

A hill has its cross-section modelled by the function,
h:[0,2]-R, h(x) = a+bcos(kx),

where /(x) measures the height of the hill relative to the horizontal distance x m from O.

a Determine the values of 4‘ ‘ h_m_ _
i k |
|
ii b | xm
0 1.0 20
i a
b How far, horizontally from O, would an ant climbing this hill from O be, when it first reaches a height of 1 metre?
c How much further, horizontally, will the ant have travelled when it reaches the same height of 1 metre once over

the hill and on its way down?

A nursery has been infested by two insect pests: the Fruitfly and the Greatfly. These insects appear at about the same
time that a particular plant starts to flower. The number of Fruitfly (in thousands), t weeks after flowering has started is
modelled by the function

F(f) = 6+ 2sin(nt),0<t<4

Whereas the number of Greatfly (in thousands), t weeks after flowering has started is modelled by the function

G(t) = 02512+4,0<t<4

a Copy and complete the following table of values, giving your answers correct to the nearest hundred.

t 0 0.5 1 1.5 2 2.5 3 3.5 4

F(t)
G(t)
b On the same set of axes draw the graphs of:
i F(t) = 6+2sin(nt),0<¢<4, ii G(t) = 025/2+4,0<¢<4.
c On how many occasions will there be equal numbers of each insect?
d For what percentage of the time will there be more Greatflies than Fruitflies?

The depth, d(#) metres, of water at the entrance to a harbour at t hours after midnight on a particular day is given by
d(t) = 12+ 3sin(gt), 0<t<24

a Sketch the graph of d(f) for 0<¢<24.

b For what values of ¢ will: i d(t) = 10.5,0<r<24 ii d(1)210.5,0<t<24,

Boats requiring a minimum depth of b metres are only permitted to enter the harbour when the depth of water at the
entrance of the harbour is at least b metres for a continuous period of one hour.

c Find the largest value of b, correct to two decimal place, which satisfies this condition.
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Exercise E.2.3

3. Differentiate the following.

i X sinx
g ¥2

Differentiate the following.

eX—1
x+1

g

Differentiate the following.
f cos(—4x) — e 3% g
i sm(z)-l- cos(2x) j

1 log (5x) — cos(6x)

Differentiate the following.

i cos(sinB) j
Differentiate the following.
k e—c0s(26) 1

n (e —e )3 o

Differentiate the following.

1
i lo ( ) ;
i 28 o ]

Differentiate the following.

) cos(2x) .
1 el—x )]
eSx+2
Mmoo T4 n
q (B+x)3+1 r
1 x?
oo | =2
t ge(xz + 2x) u

h xeXsinx
h sinx + cosx
sinx — cosx

log (4x+1)—x

sin(7x —2)

4secH

e2loge(x)

/62x+4

log, (cos2x + 1)

x?log (sin4x)

log (sin®)
cos0

(B3-D3+1

=
|
—

xe*log x

i x +log x

log (e ™) +x

Jx —log ,(9x)

cosec(5x)

e~*+1

e7x2+9x72

log (xsinx)

e—ﬁ‘ sinﬁ

X

Jx+ 1

1
)—Cloge(x2 +1)

e*x2+9

3cot(2x)

1 X
08¢ CcoSX

cos(2xsinx)

xalx2+2
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w (8-x3HJ2—x X x"n(x"-1)

. d o
15.  Find: c dx(cosx )
17. a Given that f{x) = 1—x3 and g(x) = log x , find: i (fog)'(x) ii (gof)'(x)
b Given that f{x) = sin(x2) and g(x) = e ,find: i (fog)'(x) ii (gof)'(x)

21.  Differentiate the following.

e y = cot(g—x) f y = sec(2x—T)

22.  Differentiate the following.

g x#cosec(4x) h tan2xcotx ; Jsecx + cosx

23.  Differentiate the following.

a eseex b sec(eX) c e*secx
d cot(Inx) e In(cot5x) f cotxInx
g cosec(sinx) h sin(cosecx) i sinxcosecx




Exercise E.2.4
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1. Find the second derivative of the following functions.

m f(x) = x3sinx n ¥

_ cos(4x) _
= —— y
q J(x) = r
7. Find the nth derivative of:
a etr b y=
8. a Find £"(2) if flx) = x2—Jx .

9. Find the rate of change of the gradient of the function g(x) =

xInx

= sin(x2)

2x+1

2_
o =il p oy =l
2
- _ X _x =4
s Jx) T t Y =13
C sin(ax + b)

Find /"(1) if f(x) = x?Tan"1(x) ,

2
-l where x = 1.
x2+1

10.  Find the values of x where the rate of change of the gradient of the curve y = xsinx for 0 < x < 27 is positive.
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Important Geometry Theorems

(Not a complete list of MYP Geometry Theorems!)

1. ANGLES OF ATRIANGLE

The sum of the measures of the angles of a triangle is 180°. B

a+pB+y=180°

2. THE EXTERIOR ANGLE OF A TRIANGLE

The exterior angle of a triangle is equal in size to the sum of the interior opposite angles.

3.THE SUM OF THE ANGLES OF A POLYGON

The sum of the measure of the angles of an n-sided polygon is (n-2)x180°

4. THE BASE ANGLES OF AN ISOSCELES TRIANGLE

The base angle of an isosceles triangle are equal.

5.THE DIAGONALS OF A PARALLELOGRAM

The diagonals of a parallelogram bisect each other.

6. THE DIAGONALS OF A RHOMBUS and its CONVERSE

The diagonals of a rhombus bisect each other at right angles.

7.THE MIDPOINT THEOREM AND ITS CONVERSE A

The line joining the midpoints of two sides of a triangle is parallel to the third side and is half
its length.
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8.THE ANGLE IN A SEMI-CIRCLE

The angle subtended by any diameter of a circle at the circumference is a right angle.

9.TWO CIRCLE THEOREM
The line joining the centres of two intersecting circles bisects the common chord at right
angles.

10. THE ANGLE AT THE CENTRE OF A CIRCLE
The angle subtended at the centre of a circle is twice the angle at the circle subtended by the same arc.

11. ANGLES IN THE SAME SEGMENT OF A CIRCLE

Angles subtended by the same arc of a circle are equal. ' B

12. TANGENT TO A CIRCLE

A tangent to a circle is perpendicular to the radius at the point of contact. @

13. EXTERNAL POINT TO A CIRCLE

(1)  The tangents drawn from an external point to a circle are equal in length.
(2)  Theline drawn from the centre of a circle to an external point bisects the angle between >
the tangents.




14. ANGLE BETWEEN ATANGENT AND A CHORD

The angle between a tangent and a chord at the point of contact is equal to the angle subtended by
the chord in the alternate segment.

15. OPPOSITE ANGLES OF A CYCLIC QUADRILATERAL 180°-6

Opposite angles of a cyclic quadrilateral are supplementary.

16. EXTERIOR ANGLE OF A CYCLIC QUADRILATERAL

The exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.

17. CONCYLIC POINTS

(1)  Four points are concyclic if the line joining any two of them subtends equal angles at the other two points (on the same
side of the line)

(2) A quadrilateral is cyclic if a pair of opposite angles are supplementary or if an exterior angle is equal to the interior
opposite angle.

18. TOUCHING CIRCLES

If two circles touch, the point of contact lies on the line joining their centres.

19. TRIANGLES WITH SAME ALTITUDE

The areas of triangles of the same altitude are proportional to their bases.




21. SIMILAR TRIANGLES THEOREM AND ITS CONVERSE

If two triangles are equiangular, their corresponding sides are proportional.

22.THE BISECTORS OF AN ANGLE OF A TRIANGLE

The bisectors of the angle of a triangle divide the opposite sides in the ratio of the sides
containing them.

23. CENTROID THEOREM

The lines joining the vertices of a triangle to the mid-points of opposite sides (medians) are
concurrent and trisect each other.

24, ORTHOCENTRE THEOREM

The three altitudes from the vertices to the opposite sides of a triangle are concurrent. ; ’ ;




